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Abstract. The article is a contribution to the local theory of geometric Lang- 
lands correspondence. The main result is a categorification of the isomorphism 
between the (extended) affine Hecke algebra associated to a semi-simple group 
G and Grothendieck group of equivariant coherent sheaves on Steinberg va- 
riety of Langlands dual group G"; this isomorphism due to Kazhdan-Lusztig 
and Ginzburg is a key step in the proof of tamely ramified local Langlands 
conjectures. 

The paper is a continuation of [l] , [8], it relies on technical material devel- 
oped in |13| . 
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1. Introduction and statement of the result. 

1.1. Affine Hecke algebra and its two categorifications. Let A: be a field, and 
let F = k((t)) D O = k[[t]] be the field of functions on the punctured formal disc 
over k and its ring of integers. Let G be a split semi-simple linear algebraic group 
over k; let B C G be a Borel subgroup, and I c G(F) be the corresponding Iwahori 
subgroup (thus I is the preimage of B under the evaluation map G(0) — > G). 

If k is finite then the group G(F) is a locally compact topological group, I is its 
open compact subgroup, and the space H of C-valued finitely supported functions 
on the two-sided quotient I\G(F)/I carries an algebra structure under convolution; 
this is the Iwahori-Matsumoto Hecke algebra. Also H — H ®z,[ q ±i] C where H is 
the (extended) affine Hecke algebra and the homomorphism Z^ 1 ] — > C sends q to 
1*1- 

Based on Grothendieck " sheaf- function" correspondence principle, one can con- 
sider the category of Z-adic complexes (or perverse sheaves) on an F g -scheme (or 
on its base change to an algebraically closed field) as the categorical counterpart, 
or categorification, of the space of functions on the set of F g -points of the scheme; 
in particular, the space of functions is a quotient of the Grothedieck group of the 
category. This approach yields a certain derived category of etale sheaves which 
should be viewed as a categorification of the affine Hecke algebra %. 
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On the other hand, as was discovered by Kazhdan and Lusztig (and indepen- 
dently by Ginzburg), the afBne Hecke algebra can be realized as the Grothendicck 
group of equivariant coherent sheaves on the Steinberg variety of the Langlands 
dual group, thus the corresponding derived category of coherent sheaves provides 
another categorification of H. 

The goal of the present paper is to construct an equivalence between the two 
triangulated categories which categorify the affine Hecke algebra. A step in this 
direction has been made in the previous works [T] , [5] , where a geometric theory of 
the anti-spherical (Whittaker) module over H was developed; in the present paper 
we extend this analysis to the affine Hecke algebra itself. 

The possibility to realize the affine Hecke algebra H and the "anti-spherical" 
module over it as Grothendicck groups of (equivariant) coherent sheaves on va- 
rieties related to G~ plays a key role in the proof of classification of irreducible 
representations of H , which constitutes a particular case of local Langlands conjec- 
ture; see [21] , and exposition in [ 14] . Thus one may hope that the categorification 
of these realizations proposed here can contribute to the geometric Langlands pro- 
gram. In fact, since the result of the paper was announced, it has been applied and 
generalized by several authors working in that area, see |16j . [6], [10] , Let us point 
out that existence of (some variant of) such a categorification was proposed as a 
conjecture by V. Ginzburg (see Introduction to [14]). 

1.2. Statement of the result. Let us now describe our result in more detail. 

1.2.1. Categories ofl-adic sheaves. Recall the well known group schemes Go D I D 
1° over k (of infinite type) such that G (k) = G(0), I(Jfe) = I, I°(fc) = 1° where 
1° is the pro-p radical of I; and a group ind-scheme Gf with Gf(&) = G(F). 
We also have the quotient ind- varieties: the affine Grassmanian Qx, the affine flag 
variety Tl = Gf/I and the extended affine flag variety T£ = Gp/I , see e.g. [17] . 
Appendix, §A.5. Thus Qx, Tl, Tl are direct limits of finite dimensional varieties 
with transition maps being closed embeddings, in the case of Qx and Tl all the 
finite dimensional varieties in the direct system are projective. We have Qx(k) = 
G(F)/G(0), Tl(k) = G(F)/I, Ti(k) = G(F)/I°(k). 

Let D(T£), D(T£), D(Qx) be the constructible derived categories of Z-adic sheaves 
(I ^ char(k); see [T5], 1.1.2; g] 2.2.14-2.2.18; and [17], §A.2 for (straightforward) 
generalization of the definition of an Z-adic complex to a certain class of ind-schemes) 
on the respective spaces. 

The protagonists of this paper are as follows. Let Djj = Dj(T£) be the I- 
equivariant derived category of Z-adic sheaves on T£; Djo j — Djo(T£) be the 
I°-equivariant derived category of Z-adic sheaves on Tl, and let Djo jo be the full 

subcategory in the 1° equivariant derived category of J-l consisting of complexes 
whose cohomology is monodromic with respect to the right T = 1/1° action with 
unipotent monodromy 

The categories Djj and Djo ja are equipped with an associative product opera- 
tion provided by convolution; Dij is unital while Djo jo lacks the unit objectjj We 



Notice that convolution with an object of Djo jo involves direct image under a non-proper 
morphism, thus convolution could be defined in two different ways, using either direct image or 
direct image with compact support. We use the version with the ordinary direct image. 
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have commuting actions of Dja ja and Dij on Djo j by left and right convolution 
respectively. The convolution operation will be denoted by *. 

Let Vi.i C Dij, Vjo j c Djo j, Via jo c Djo jo be the subcategories of perverse 
sheaves. A standard argument shows that 



while the natural functor D b (Vij) —¥ Di j is not an equivalence. 

1.2.2. The dual side. Let G" be the Langlands dual group over the field Q;. The 
goal of the paper is to provide a description for the above categories in terms of G~ . 
To formulate the answer we need to recall the following construction. 

Let X — > Y , X' — > Y be morphisms of algebraic varieties. To simplify the 
statements we will assume that X,X',Y are varieties over a field k, Y is smooth 
and morphisms X — > Y, X' — > Y are proper. 

L 

One can consider the derived fiber product X x y X' which is a differential graded 

L 

scheme (DG-schcmc for short), and the triangulated category DGCoh(X Xy X'). 
If Torf Y (Ox, Ox') = for i > then the derived fiber product reduces to the 

ordinary fiber product and DGCoh(X x Y X 1 ) = D b (Coh(X x Y X 1 )). 

L 

The triangulated category DGC oh(X Xy X) has a natural monoidal structure 
provided by convolution. The category D°(Coh(X)) is naturally a module category 

L 

for the monoidal category DGCoh(X Xy X). [For example, when X is a finite set 
and Y is a point the induced structures on the Grothendieck group amounts to 
matrix multiplication and the action of n x n matrices on n- vectors respectively] . 

L 

More generally, the category DGCoh(X Xy X') has two commuting actions: the 

L L 

action of DGCoh(X Xy X) on the left and an action of DGCoh(X' Xy X') on the 
right. 

Given an action of an affine algebraic group H on X, X' , Y compatible with the 
maps, one gets equivariant versions of the above statements. 

We will apply this in the following situation. We let Y = g~ be the Lie algebra 
of G~, X = g = {(fa, x) | b e B, x G b}, X' = Af = {(b, x) \ b e B, x e rad(b)}, 
where B is the flag variety for G" parametrizing Borcl subalgebras in g". 

A standard complete intersection argument shows that the Tor vanishing condi- 
tion holds for the fiber products §" x g - g~ and g~ x g - Af; however, it does not hold 
for the product N x g - N. 

We set St — 9' x g - g", St' = g" x g - J\f. 

1.2.3. Statement of the result. We now formulate the main result of the paper. 
For an algebraic variety X and a closed subset 2clwc will let Cohz(X) denote 

the full subcategory in Coh(X) consisting of sheaves set-theoretically supported 
on Z. For a map / : X — > Y and a closed subset Z C Y we will abbreviate 
Coh f -i {z) (X) to Cohz(X). 

Theorem 1. There exist natural equivalences of categories: 



(1) 



D»(Vi«j) = Diaj 
D b (Pioja) Diojo 



(3) 



(2) 



*/o,/o =D\Coh% (St)). 

^i a j:Dioj = D b (Coh G '(St')), 
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(4) $j j : Djj = DGCoh G (J\f x g - A/")). 

Equivalences ^ and ^ are compatible with the convolution product, while © is 
compatible with the action of the categories from @ and ^ . 

1.3. The action on the Iwahori-Whittaker category. It was pointed out above 
that the monoidal category of DG coherent (equivariant) sheaves on a fiber product 

L 

X Xy X admits a natural action on the derived category of (equivariant) coher- 

~ L 

ent sheaves on X . In particular, monoidal category DGCoh (Af x fl - M) acts on 
D b Coh{N), while D b Coh G '{St) acts on D b Coh G ~ (q~). 

To describe the corresponding structures on the loop group side, recall the cate- 
gory of Iwahori- Whittaker sheaves. The quotient 1° by its commutant is the sum of 
copies of the additive group indexed by vertices of the affine Dynkin graph. Fix an 
additive character i/j of 1° which is trivial on the summand of I / (I )' corresponding 
to the affine root(s) and is non zero on the other summands. We denote by Dj w 
the I equivariant derived category of Z-adic sheaves on the principal homogeneous 
space Gp /1' which satisfies the ^-equivariance condition with respect to the right 
action of I°/Io, see [1J0 We let D 1 ^ denote the category of I monodromic sheaves 
with unipotent monodromy on Gf /Id which are ^-equivariant with respect to the 
right action of I°/Iq, this is a particular case of the category considered in [T3] 
(again, one needs to switch left with right to get from the present setting to that 

of [Eg. 

The categories Djo jo, Du act on Dj w , Dj w respectively by convolution. 
Theorem 2. There exist equivalences of categories 

(5) <P I IW :D b (Coh G -(M))^D I IW , 

(6) : D\Coh%~ @-)))=+D? w , 

satisfying the following compatibilities: 

The equivalence is compatible with the action of D b Cohfj (St) coming from 
the action of Djo jo on Dj w and equivalence (|2j) . 

The equivalence ^?j w is compatible with the action of DGCohP (AfXg-Af) com- 
ing from the action of Djj on D\ w and equivalence ([J). 

The equivalence has been established in [1] , and ((6]) can obtained by a similar 
argument, see below. 

1.4. Our strategy from the Hecke algebra point of view. Some of the con- 
structions exploited here are sheaf-theorctic analogs of known results in the theory 
of affine Hecke algebras. 

Recall that H has a standard basis T w indexed by elements w in the extended 
affine Weyl group W. 

Let A be the coweight lattice of G and A + C A be set of dominant weights. 
There exists a unique system of elements 9\ G H, A £ A, such that 9\9^ = 0\ +fJ _ 
for all A, /x € A and #a = T\ for A e A + . The categorification of the elements #a 
are the so-called Wakimoto sheaves, see [T] and section [3TB1 below. 



2 For the sake of convenience the conventions here differ from those of [l] by switching the roles 
of left and right multiplication. The resulting categories are easily seen to be equivalent. 
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The elements 6\ span a commutative subalgebra A C H which contains the 
center Z(H) of the affine Hecke algebra. Categorification of the center is provided 
by the work of Gaitsgory [17) . Categorification of the formula expressing central 
elements as linear combinations of 0\ is the fact that central sheaves of [17] admit a 
filtration whose associated graded is a sum of Wakimoto sheaves, see [1] and section 
13.51 below. This filtration plays a key role in our construction, see [I] and section 
14.21 yielding a categorification of the isomorphism 

(7) A = K°{Coh G '(g)) A K°(Coh G '(St)), 

where S : g~ — > St is the diagonal embedding. 

Another ingredient important to us is the q-analog of the Schur anti-symmetrizer, 

or anti- spherical projector £ = ^2 {—^Y^ W ^T W . Its relevance to representation 

we.Wf 

theory of p-adic groups comes from the fact that the left ideal H£ is canonically 
isomorphic to I invariants in the space of Whittaker functions on G. 

The categorical counterpart of £ is the maximal projective object in the category 
of perverse sheaves G/B = Go/I equivariant with respect to 1°, it is discussed 
in section [5l Under the equivalence with coherent sheaves category that object 
corresponds to the structure sheaf of Steinberg variety. 

Let Hperf C H be the two-sided ideal generated by £. The full subcategory 
Df erf (St) c D b (Coh G '(St)) of perfect complexes can be considered as a categori- 
fication of Hperf- Furthermore, it is easy to see that Hperf is freely generated by 
£ as a module over A ®z A. This allows one to deduce an equivalence between 
the two categorifications of H per f from the categorification of ([7]). The subcate- 
gory D G er j:(St) is dense in D b (Coh G (St)) in an appropriate sense, which allows to 
extend the equivalence from the subcategory to the whole category. 

1.5. Acknowledgements. The initial ideas of this paper were conceived during 
the Princeton IAS special year 1998/99 led by G. Lusztig, the first stages were 
carried out as a joint project with S. Arkhipov. Since then the material was dis- 
cussed with many people; the outcome was particularly influenced by the input from 
A. Beilinson and V. Drinfeld, many conversations with D. Gaitsgory, D. Kazhdan 
and I. Mirkovic and others were important for keeping the project alive. I have 
recently benefited from a discussion with L. Positelskii who pointed out reference 
[25j . I would like to express my gratitude to these mathematicians. 

In this text we follow the original plan conceived more than a decade ago and 
treat the issues of homological algebra by ad hoc methods, using explicit DG mod- 
els for triangulated categories of constructible sheaves based on generalized tilting 
sheaves. While the properties of tilting sheaves established in the course of the argu- 
ment are (in the author's opinion) of an independent interest, it is likely that recent 
advances in homotopy algebra can be used to develop an alternative approach. 

2. Outline of the argument 

2.1. Further notations and conventions. We let B D N be a Borel subgroup 
and its radical, and N~ C B" be similar subgroups in G". 

We let A be the coweight lattice of G (identified with the weight lattice of G"), 
Wf will denote the Weyl group and W = Wf x A the extended affine Weyl group; 
I : W — >• Z>o is the length function, and A + C A is the set of dominant coweights, 
wo 6 Wf is the longest element. 
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We let W* C W be the subset of minimal length representatives of right cosets 
W/Wf. Notice that A+ c W f . 

For A £ A we let 0g(A) be the corresponding line bundle on B = G'/B~. We 
normalize the bijection between weights and line bundles so that A + corresponds 
to semi-ample line bundles. We let V\ be an irreducible G"-module such that 
V\ <g> Ob maps to 0g(A) (so it might be called the representation with highest 
weight — wq(X)). 

The ind-schemes Tl = Gp/I, Tl = Gf/I° were introduced above, and the 
categories Djj D Vu, Djoj D Vjoj, Djajo D Vjoj were introduced above. We 
abbreviate V = Vjoj and let V, D be the pro-completions of Djojo and Viojo 
respectively, see section [3] 

Let 7r : Tl — )• J"^ be the projection. 

The I orbits on Tl are indexed by W, for w £ W we let j w : Tl w — > Tl be the 
embedding of the corresponding orbit. We have dim(J r £ UJ ) = l(w). 

We have standard objects j w \ :— j w \(Qi[l(w)}) and costandard object j w « = 
3w*(Qi[l(w)]) in V . Their counterparts in D are the free monodromic (co)standard 
objects V w , A w , see sections [XT1 13.21 

We also consider the Iwahori-Whittaker categories Df w D Vj W , Dj w D ~Pj W , 
the pro-completions DiWi Vrw of, respectively, Dj w , V\ Wl (co)standard objects 
3™ € Vj w and free monodromic (co)standard object A w jw, V w jw £ Piw, 
w£W f . 

Recall that St — g~ x fl - g~, let ps pr ,i ■ St — > g~, ps pr ,2 ■ St — > g~ be the two 
projections. Also St' = g~ X fl - J\f with two projections p's pr ^ ■ St' — > q~, p's pT) 2 '■ 
St' J\f. Let St = 0" x g - St, where q~ is the spectrurr|| of completion of the ring 
of functions O(g') at the ideal of the point 0. 

For an algebraic group H acting on an (ind)-scheme X we let Dff(X) denote 
the equivariant derived category of if-equivariant constructible sheaves on X and 
let Pervn(X) C Dh{X) be the subcategory of perverse sheaves. Given a subgroup 
K C H we have the functor of restricting the equivariance Res^ : Dh(X) — > 
Dk{H) and the left adjoint functor Av^ : Dk{X) — > Dh(X) (the latter can be 
thought of as the direct image for the morphism of stacks X/K — > X/H). 

In particular, we have functors Avj : Djoj — > Djj, Avjw '■ Djojo — > Dj w , 
Avjw : Djojo — > D\ w etc. Notice that the first functor involves the left action 
of 7°, while the latter two have to do with the right action; when the action used 
may not be clear from the context we use notation Avj , Av r jl 9ht to distinguish 
between the two. 

2.2. Idea of the argument: structural aspects. The functor from the coherent 
category to the constructible one stems from certain natural structures on the 
constructible category. To describe the mechanism of obtaining such a functor 
from the additional structures on the target category it is convenient to use the 
concept of a triangulated category C over a stack X. 

2.2 A. Linear structure over a stack. We refer to [19| for the notion of an abelian 
category over an algebraic stack, and to the forthcoming work 20J for the gener- 
alization to triangulated (or rather homotopy theoretic) context. For our present 



■^Alternatively we could work with completion defined as a formal scheme, the resulting cate- 
gory of coherent sheaves would be equivalent. 
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purposes it suffices to use the following simplified version of this concept. Let S be 
an algebraic stack and C a triangulated category (in all our example S = Xj G where 
X is a quasi-projective algebraic variety and G is a reductive algebraic group). The 
subcategory of perfect complexes D per f(S) C D b (Coh(S)) is a triangulated tensor 
category under the usual tensor product of coherent sheaves. By an S -linear struc- 
ture on C we will mean an action of the tensor category D per f{S) on C compatible 
with the triangulated structure. 

We now list basic classes of examples of such a structure to be used below. 

(1) If S = Spec(R) is an affine scheme, then for an i?-linear abelian category 
A the triangulated category D b (A) acquires a natural S-linear structure. 

(2) Let S = pt/H where H is a linear algebraic group. If an abelian category 
A is a module category for the tensor category Rep(H) of algebraic (finite 
dimensional) representations acting by exact functors, then D b (A) is an 
S-linear triangulated category. 

(3) Combining the first two examples, assume now that S = Spec(R) / H is 
a quotient of an affine scheme by a linear algebraic group action. Let 
A be an abelian category which is a module category for Rep(H) act- 
ing on A by exact functors. Then we can define a new (in general not 
abelian) " deequivariantized" category Adeeq by setting Ob(Adeeq) — Ob{A), 
Homi nd ^(X,0 H (Y)) where Ind(A) stands for the category of Ind-objects 
in A and Q_ H 6 Ind(Rep(H)) denotes the space of regular functions on H 
with H acting by left translations (thus O h can be considered as an ind- 
object in Rep(H)), see section |4 . 2 . 1 1 below for further details. 

Then Adeeq is a category enriched over the category of algebraic (not 
necessarily finite dimensional) representations of H . Then it is easy to 
see that an i?-linear structure on Adeeq which is compatible with ii-action 
induces an S'-linear structure on D b {A). 

(4) Suppose we are given an open embedding of algebraic stacks S — »■ S' and 
a category C with an S'-linear structure. It is known that D per f(S) is the 
Karoubi (idempotent) completion of the quotient D per f(S')/D per f(S')gs' , 
where D per f(S')gs' is the full subcategory of perfect complexes on S' whose 
restriction to S vanishes. Thus if C is a Karoubian (idempotent complete) 
category, then an S'-linear structure on C such that D per f{S')dS' acts by 
zero induces an S'-linear structure on C. 

(5) One can use a variant of Serre's description of the category of coherent 
sheaves on a projective variety as a quotient of the category of graded 
modules over the homogeneous coordinate ring to devise a procedure for 
constructing an S linear structure for more general stacks S. 

Suppose that S — X/H where X is a quasi-projective variety with an 
action of an affine algebraic group H. Assume that a linearization of the 
action, i.e. a linear action of H on a projective space P" together with an 
equivariant locally closed embedding X — > P™, is fixed. Let C C A n+1 be 
the cone over the closure X of X in P" . Then C is an affine variety acted 
upon by H x G m and we have an open embedding S — 5- S' = C j (H x <G m ). 
Thus an S linear structure on C = D b (A) can be constructed by providing 
A with a Rep(H x G m ) action by exact functors, introducing an R linear 
structure on Adeeq where R = 0(C) is the homogeneous coordinate ring of 
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the projective variety X, and verifying that the resulting S' linear structure 
sends D per f(S')ds' to zero. 

Remark 3. Most of the statements in the main Theorem of the paper assert an 
equivalence between (a subcategory of) D b (Coh(S)) for an algebraic stack S and 
D b (A) for an abelian category A (with the exception of Q which involves coher- 
ent sheaves on a DG-stack and an equivariant derived category of constructible 
sheaves). 

We first construct the ^-linear structure on C = D b (A) and then consider the 
action on a particular object of C to get an equivalence. The construction of the 
action almost follows the pattern of example (5). The difference is as follows. We 
have S = X/G~ where X admits an affine equivariant map to B 2 . Though B 2 is 
a projective variety there is no preferred choice of an equivariant projective em- 
bedding, so to keep things more canonical we work with the " multi-homogeneous" 
coordinate ring and consider open embeddings of our stacks into Y/(G~ x T" 2 ) for an 
appropriate affine variety Y . A more essential difference is that while Rep(G') acts 
by exact functors on our abelian category A, the action of Rep(T~ 2 ) is only defined 
on the triangulated category C, it is not compatible with the natural t-structure on 
C = D b (A). 

An additional argument based on properties of tilting modules is needed to deal 
with this issue (see subsection 14. 4.2j) . 

2.2.2. The list of structures. We concentrate on the equivalence (|2]l. the equivalence 
(J3j) is similar, and (|4|) will be deduced formally from ((2|) 
Consider the following sequence of maps 

St/G" =4 Q'/G" -> b'/G- -)• pt/G~. 

Moving from right to left in this sequence, we successively equip D with the 
linear structure for the corresponding stack. 

The pt/G~ linear structure comes from an action of the tensor category Rep(G~) 
on the abelian category Vjo j. Such an action was defined in |17j where the central 
sheaves categorifying the canonical basis in the center of the affine Hecke algebra 
were constructed; an extension of the action to Vj<> jo is sketched in section [3.51 
below. 

By a version of Tannakian formalism, lifting the action of the tensor category 
Rep(G') action to a Q~ /G~ structure amounts to equipping the with a tensor endo- 
morphism. Such an endomorphism comes from the logarithm of monodromy acting 
on central sheaves: recall that the central sheaves are constructed by nearby cycles 
which carry a monodromy automorphism. 

We now discuss the two structures of a stack over g~/G~. The starting point 
here is the familiar observation that for a representation V of G~ the trivial vector 
bundle V <8> Ob with fiber V on the flag variety B = G~/B~ carries a canonical 
filtration whose associated graded is a sum of line bundles. This filtration can be 
lifted to a filtration can lifted to a similar filtration for V <E) O^-. Under our equiv- 
alences this filtration corresponds to a filtration on (monodromic) central sheaves 
by (monodromic) Wakimoto sheaves (the non-monodromic version was presented 
in pp, and the monodromic generalization is presented below in section [3]). It turns 
out that the filtration defines a monoidal functor D b (Coh G (q~)) — > D, where D is 
a certain completion of Djo jo (see below); we then get two commuting actions of 
D b (Coh G (§")) on Djo jo from the left and the right action of the monoidal category 
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D on itself. Since Rep(G~) acts by central functors and the tensor endomorphism 
is compatible with the central structure, we get the St/G'-lmeax structure where 
St — g" x - §" is the fiber square. 

More precisely, we get the monoidal functor D b (Coh G (g~)) — > D from the filtra- 
tion following a strategy similar to the one in Example (5) above. The first term of 
the filtration (the " lowest weight arrow" ) determines a functor from D b er f (Coh G xT (C) ) 
where C is a certain affine scheme with an action of G~ x T~ with an open G~ x T~ 
equivariant embedding G~/U~ — > C. The fact that the lowest weight arrow extends 
to a filtration satisfying certain properties implies that complexes supported on 
dG~/U~ = C \ G~/U~ act by zero. These ideas have already been used in pQ. 

Once the St/G~ linear structure on D is constructed, any object M £ D defines 
a functor D G erf (St) -> D, T >->■ T(M). We use the functor (denoted by <& per f) 
corresponding to the choice M = S where 5 is a certain tilting pro-object discussed 
in section [5] This choice can be motivated by the requirement of compatibility 
with the equivalence ^/V- ^ ne object H is obtained from the unit object in D by 
projection to Diw composed with its adjoint, on the dual side this corresponds 
to the sheaf pr* Spr2 prspr,2*{S*{0^)) = Ost, where 6 : q~ — > St is the diagonal 
embedding (where we omitted completion at the preimage of Af from notation). 
Thus the compatibility implies that & per f((D) = H. 

The fact that $ pe r/ constructed this way is compatible with projection to Z?f ^follows 
from the properties of 3. 

We then establish the equivalence ®j° w as in 1 . Together with compatibilities 
between $ per / and &j° w this implies that $ per f is a full embedding. 

Once <frperf is constructed we deduce an equivalence ^ from a general result 
relating the categories D b (Coh(X)) and D per f(X) for an algebraic stack X. We 
show that D h {Coh(X)) embeds into the category of functors D per f(X) — s> Vect and 
characterize the image of this embedding. The characterization makes use of the 
standard ^-structure on the derived category of coherent sheaves. In order to apply 
the general criterion in our situation we show that, although the functor & per f is not 
i-exact with respect to the natural ^-structures on the two triangulated categories, 
it satisfies a weaker compatibility (see section [8]). 

Thus we obtain an equivalence ^> and the inverse equivalence $. 

Monoidality is then deduced from compatibility with the action on D h {Coh G y ($")) = 

Diw- W e use presentation of D as homotopy category of complexes of frec- 
monodromic tilting sheaves introduced in |13j and recalled below. Using the ob- 
servation that convolution of two free monodromic tilting sheaves is also a free 
monodromic tilting sheaf we get an explicit monoidal structure on the category 
of tilting complexes, which is identifed with the monoidal structure on D. The 
monoidal structure on the equivalences $, ^ follows from compatibility with the 
action on Diw, since a sheaf in D b {Coh G (St)) can be uniquely reconstructed from 
the endo- functor of D h (Coh G y (§")) given by convolution with T . 



2.3. Description of the content. Sections [3] and [5] mostly recall the results of 
[13] while section S] recalls the material of [1| and extends it to the present slightly 
more general setting. 
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It is technically convenient to enlarge both categories in ([2]) and construct the 
equivalence 



where g~ x g - q~ denotes the formal completion of g~ x s -Q~ at the preimage of M and 



Djo jo. In section [3] we recall the definition of D and an extension of the formalism 
of tilting sheaves to this settting. We also present a "monodromic" generalization 
of central sheaves [17] . 

Section 2] provides a generalization of the main result of PQ to the monodromic 
setting. Namely, it establishes a monoidal functor F from the derived category 
of equivariant coherent sheaves on the formal completion of g" at J\T to Djo jo. 
(The composition of this functor with the equivalence ([8j which will be estab- 
lished later is the direct image under the diagonal embedding g~ — > g~ x g - g~.) 
A variation of the argument allows us to define the action of the tensor category 
(D perf (Coh G ~ (St)),®o) on Djoja and D. 

We also consider the projection of Djojo to the Iwahori-Whittaker category £>iw 
and show that the composition of F with this projection induces an equivalence 
D b (Coh G f (§")) = Diw', here £>iw is a certain category of pro-objects in D\ w . 

Section [5] is devoted to a particular object S G Vjajo which will correspond to 

the structure sheaf of §" x B - §" under the equivalence. 

Then in section [6] we define a functor $ per / from the subcategory of perfect com- 
plexes D b perf {Coh G '(g'^~~Q-)) C D b (Coh G '{g r x~^~g)) to D b (V I o J o) by applying 
the action of D per f(Coh G (St)),(&o on S. 

We use properties of S to show that $ per / is compatible with the action of the 
monoidal category D b er j(Coh G {q~ x b - q~)) on the module category D b (Coh G (g~)) 
under the equivalence 3>* . This allows us to deduce that $ per / is a full embedding 
and endow it with the structure of a monoidal functor. 

In section [8] we check a property of $ with respect to the natural t-structures 
on the two categories. In the next section [7] we give a general criterion allowing 
to extend an equivalence from the category of perfect complexes to the bounded 
category of coherent sheaves. 

In section |H] we show that criterion of section [7] applies, by virtue of properties 
established in section [51 to the present situation yielding ([8j. We then deduce 
([3J and ([4]) by means of a general lemma describing the equivariant constructible 
category via the monodromic one. 



3.1. Generalities on monodromic sheaves. Objects of Vjo jo are by definition 
perverse sheaves monodromic with respect to both the left and the right action of T 
on J- 1. Thus the group A x A acts on Vjo jo by automorphisms of identity functor, 
the action on each object is unipotent. 

Let V be the category of pro-objects M in Viojo such that the coinvariants of 
monodromy M mon belongs to V . Set D = D b (P); according to [13 , D can be 
identified with a full subcategory in the category of pro-objects in Djo jo . Further- 
more, D is monoidal and contains -D/o,/ as a full tensor subcategory (see [?, BY]. 



(8) 



Djojo = D b (Coh G ' (fT^sT)) 




3. Monodromic sheaves and pro-object 
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An object T G D belongs to Djo jo iff the monodromy automorphisms of T are 
unipotent. 

Let £ be the free prounipotent rank one local system on T (see [13j). thus 
£ = hjri £ n where £ n is the local system whose fiber at the unit element ly G T 
is identified with the quotient of the group algebra of tame fundamental group 
7r* Qme (T) by the n-th power of augmentation ideal, where the action of mon- 
odromy coincides with the natural structure of 7r* ame (T) module. The quotient 
l°\J r £ w is a torsor over T, choosing an arbitrary trivialization of the torsor we 
get a project T£ w — > T which we denote pr w . Set A w = jw\Ww(£ )[dhn J r £ w ], 
= j w *pr* v (£)[dim Tiw]. The objects A w , X7 W are defined uniquely up to a non- 
unique isomorphism, we call them a free-monodromic standard and costandard 
objects respectively. 

3.2. More on monodromic (co)standard pro-sheaves. The free prounipotent 
local system £ is defined uniquely up to a non-unique isomorphism, thus so are the 
(co) standard sheaves A w , V„. 

For w = A G A G W the choice of a uniformizer t G F and a maximal torus T C 
G which is in good relative position with I define an element t\ = A(i) £ Tp C G; 
its image in T£ — G/I° lies in the orbit of / corresponding to A. This yields the 
choice of a point X(t) G I°\J-"£a which gives a trivialization of the T-torsor, and 
hence the choice of objects A\, V \ defined uniquely up to a unique isomorphism. 
[We use the same notation for those canonically defined objects and the objects 
defined earlier uniquely up to a non- unique isomorphism]. 

Lemma 4. a) We have isomorphisms A Wl * A W2 = A WlW2 , \7 Wl * S7 W2 = V WlW2 
when £(wxW2) = £(wi) + £(w2). 

b) Assume that u>\ = X%, W2 — A 2 G A + and let A\ it \7\ i7 (i = 1,2) be the 
canonically defined objects as above. We have canonical isomorphisms s A\ 1 *A\ 2 = 
Aai+a 2 i Vaj * Va 2 — Va!+a 2 ; which satisfies the associativity identity for a triple 
Ai, A 2 , A3. 

c) Aq = Vo is the unit object in D; and we have a canonical isomorphism 
V m * A w -i = V . 

d) We have A Wl * V W2 G V , V Wl * A W2 G V for all Wi,w% G W. 

e) 7r»(Vu,) = j w *> tt*(A w ) = j w \ canonically. 

Proof. (a,d) and a noncanonical isomorphism in (c) are shown in [26. Given Ai, 
A2 G A + consider the locally closed subvariety in the convolution diagram: Tl\ x Kl 1 " 
Tl\ 2 — > J 7 £\ 1+ \ 2 . Using the above trivializations of the T torsors I°\J 7 £\ 1 , 1°\T£\ 2 , 
T\J r £\ 1+ \ 2 we can identify the quotient of J 7 £\ 1 Kl 1 " T£\ 2 by 1° with T xT and the 
quotient of J 7 £\ 1 +\ 2 by 1° with T; the quotient of the convolution map is readily 
seen to be the multiplication map T x T — > T. Since the convolution £ *t £ is 
canonically isomorphic to £ (here * T denotes convolution of sheaves on the group T) 
we get the desired canonical isomorphism. Verification of the associativity identity 
is straightforward. 

Finally, part (e) easily follows from the fact that cohomology of the free prounipo- 
tent local system on T is zero in degrees other than r = dim(T) and r-th cohomology 
is one dimensional. □ 
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3.3. Wakimoto pro-sheaves. Recall Wakimoto sheaves J\ G Vij characterized 
by: J\*Jfj, = J\+fi for A,/ieA and J\ = j'a* for A G A+, see [U 3.2]. The following 
monodromic version follows directly from Lemma HJb,c). 

Corollary 5. There exists a monoidal functor : Rep(T~) — > D sending a domi- 
nant character A to \7\ and an anti-dominant character (i to V^. Such a functor 
is defined uniquely up to a unique isomorphism. □ 

The image of a character A of T~ under this functor will be called a free mon- 
odromic Wakimoto sheaf and will be denoted by J\. 

Some of the basic properties of Wakimoto sheaves are as follows. 

Lemma 6. We have: 

a) JxePcD. 

b) Hom m (Jx,Jn) = Oforn^\. 

c) vr»(j7;a) = J\ canonically . 

Proof, a) follows from Lemma Sl^d). b) is clear since 

Hom'(Jx,Jtj) — Hom'(Jx +ri , J,x+ V ) = Hom(V\ +v , V M+n ), 

where r/ G A is chosen so that A + j], /i + r\ G A + . The latter Horn space vanishes 
when A ^ /i because in this case J 7 ^ At + l; is not contained in the closure of J-£\+. q . 
Part (c) follows from Lemma SJe). □ 

3.4. Generalized tilting pro-objects. Recall that an object of V is called tilting 
if it carries a standard and also a costandard filtration; here a filtration is called 
(co)standard if its associated graded is a sum of (co)standard objects, see e.g. [5]. 

An object of V is called free-monodromic tilting if it carries a free-monodromic 
standard and also a free-monodromic costandard nitrations; here a filtration is 
called (co)standard if its associated graded is a sum of free-monodromic (co)standard 
objects, see [T3"] . 

Let TcPbe the full subcategory of tilting objects and T C V denote the full 
subcategory of free-monodromic tilting objects [13] . 

Let Com(T), Com{T) denote the homotopy category of bounded complexes of 
objects in T, T respectively. 

The next Proposition summarizes the properties of tilting objects that will be 
used in the argument. 

Proposition 7. a) The natural functors Com(T) -> D h (P) = D, Com(f ) -)• 
D b (V) = D are equivalences. 

b) The convolution of two object in T lies in T , thus C'om(T) has a natural 
monoidal structure. The natural functor Com(T) — > D is a monoidal equivalence. 

Proof. The first statement in (a) appears in [5], the second one (whose proof is 
similar) is a particular case of [13j Proposition B.1.7]. 

The two statements in part (b) follow from [T31 Proposition 4.3.4] and [131 Propo- 
sition B.3.1, Remark B.3.2] respectively. □ 

Remark 8. Implicit in Proposition [7ja) is Ext vanishing: 

Ext >0 (f ll f 2 ) = = Ext >0 (T u T 2 ) 
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for T\,T2 € 7~, T\,T2 € T- A stronger statement will be used later: 

£2;i >0 (Mi, M 2 ) = = Ext >0 {M 1 , M 2 ) 

where Mi, M2 G Via 1, Mi admits a standard filtration while M 2 admits a costan- 
dard filtration, Mi, M2 G "P, Mi admits a free-monodromic standard filtration, 
while M2 admits a free-monodromic costandard filtration. The proof is immediate 
from Ext >0 (A Wl ,V W2 ) = = Ext >0 {j WlU j W2 ,). 

Proposition 9. An object M G D admits a free-monodromic (co) standard filtration 
iff f*(M) G Djo j lies in V and admits a (co) standard filtration. 

Proof. The "only if direction follows from Lemma SJe), while the "if direction is 
checked in [T3]. □ 

Corollary 10. An object Met) lies in f iff tt»(M) G T. 

Proposition 11. [13] a,) For T G T i/ie functors T H> T * J 7 and T T *T are 
t-exact (i.e. send Vjoja toV/oja andV toV). 

b) For any w G W there exists a unique (up to an isomorphism) indecomposable 
object T w G T whose support is the closure of Ti w . There also exists a unique 
indecomposable object T w G T whose support is the closure of Tl w . We have 
Tf* (fE w ) = T w . 

c) ForT G T andw G W the objects A W *T, T*A W G V have a free-monodromic 
standard filtration, while the objects V«, * T , T * V w G V have a free-monodromic 
costandard filtration. □ 

Corollary 12. Convolution with a monodromic free tilting object preserves the 
categories of objects admitting a free-monodromic (co) standard filtration (same with 
monodromic free). 

3.5. Monodromic central sheaves. We need to extend the central functors of 
[17] to the monodromic setting. 

3.5.1. A brief summary of [17]. Recall first the main result of [17]- In our present 
notation it reads as follows. 

For V G Rep(G~) one defines an exact functor Zy : Vij — > Vij. The functors 
come with canonical isomorphisms 

One then constructs canonical isomorphisms 

(9) Z v * T = Z v (J 7 ) = T * Z v . FeVij; 

(10) Zv®w — Zv Zw, 

where Zy = Zy{5 e ). 

The two isomorphisms satisfy natural compatibilities (some are demonstrated 
in [?]) which amount to saying that V 1— > Zy is a tensor functor from Rep(G~) to 
Drinfeld center of Dj j. 

The goal of this subsection is to extend these results to the monodromic setting. 

Construction of the functor Zy is based on existence of a certain deformation of 
the affine flag variety Tt and the convolution diagrams. 

Let C be an algebraic curve over k and fix a point xq G C(fc) and set Co = 
C \ {xq}. The ind-schemes J-£ c , Convc, Conv' c were constructed in [17| . The 
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ind-schemes Fl c , Convc, Conv'c come with a map to G satisfying the following 
properties. 

(2) 

The preimage of xq in Tl c is identified with Tl, while the preimage of C\{xq} is 
identified with TlxQxc a where Qxc a is the Beilinson-Drinfeld global Grassmannian; 

(2) 

thus the fiber of Tl c over y £ Co(fc) is (noncanonically) isomorphic to Tl x Qx. 

To spell out the properties of Convc, Conv' c recall the convolution space Tl x 1 
Tl, which is the fibration over Tl with fiber Ti associated with the natural principal 
I bundle over Tl using the action of I on Tl. We have the projection map pr\ : 
Tl x 1 Tl — > Tl and the convolution map conv : Tl x 1 Tl — > Tl coming from 
multiplication map of the group Gp . 

The fiber of both Convc and Conv' c over xq is Tl x 1 Tl; the preimage of G° in 
Convc is the product of ((G/B) x 1 Ti) x Gx c o, while the preimage of C° in Conv' c 
is identified with (Tl x 1 (G/B)) x Qt c o. 

One has canonical ind-proper morphisms convc ■ Convc Tl^ 2 \ conv' c : 
Conv' c —> Tl ^ whose fiber over xq is the convolution map conv. 

Starting from V £ Rep(G') one can use the geometric Satake of isomorphism to 
produce a semi-simple perverse sheaf S(V) on Gr^o. For T £ Perv(Tl) one gets 
a sheaf J 7 S(V) on J 7 ^ x Gr^o C Tl c . Taking nearby cycles of that sheaf with 
respect to a local coordiante at xq one obtains a sheaf Zy (T) on Tl. 

The spaces Convc, Conv' c and the maps convc, conv' c are used in [T7] to show 
that the functor Zv\di 7 is isomorphic to both left and right convolution with a 
certain object Zy € Vj. 



3.5.2. The monodromic case. A straightforward modification of the definition from 

[17j yields spaces Tl c , Convc, Conv c with the following properties. 

The ind-schemes Tl c , Convc, Conv c come with a map to G satisfying the 
following properties. 

— (2) . . ~ . 

The preimage of Xq in Tl c is identified with Tl, while the preimage of C\{xq} is 

identified with TlxQxc where Qxc Q is the Beilinson-Drinfeld global Grassmannian; 

~(2) ~ 
thus the fiber of Tl c over y £ Go(fe) is (noncanonically) isomorphic to Tl x £t. 

We will now use the convolution space Tl x 1 Tl, which is a fibration over Tl 

with fiber J 7 ^ associated with the natural principal I bundle over Tl using the 

action of 1° on Tl. We have the projection map pr\ : Tl x 1 Tl — > Tl and the 

convolution map convjo ■.Tlx 1 Tl->Tl coming from multiplication map of the 

group Gf- 

The fiber of both Convc and Conv c over xq is Tl x 1 Tl; the preimage of G° 
in Convc is the product of ((G/U) x 1 " J 7 ^) x C/t^o, while the preimage of G° in 
Conv c is identified with (Tl x 1 (G/U)) x Gx c o. 

One has canonical morphisms ajfwc '■ Convc — > ^ \ cwwp : Conv c —> Tit ^ 
whose fiber over xq is the convolution map amv. 

The main technical difference with the setting of [17] recalled in the previous 
subsection is that in contrast with the maps convc, conv' c the maps Smvc, Smv' c 
are not ind-proper. 
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For V £ Rep{G~) and T £ D we can form a complex T E9 <S'(V r ) on J 7 ^ x C?tco C 

~( 2 ) 

Ti c . Taking nearby cycles with respect to a local coordinate on C near xq we get 
a complex which we denote Zy (J-) . 

The functor Zy obviously extends to the category D. We set Zy = Zy(A e ). 

Proposition 13. a) Recall that tt : Tt — > Tt is the projection. Then we have 
Zy(n*J-) = n*(Zy(J-)) canonically. 

b ) Zy is canonically isomorphic to the functors of both left and right convolution 
with Zy . 

c) The map V <-> Zy extends to a central functor Rep(G~) — > D, i.e. to a tensor 
functor from Rep(G') to the Drinfeld center of D. 

d) We have a canonical isomorphism ir^(Zy) = Zy . 

Proof, a) follows from the fact that nearby cycles commute with pull-back under a 
smooth morphism. 

The proof of (b,c) is parallel to the argument of [17] and [?] respectively, with 
the following modification. The argument of loc. cit. uses that the convolution 
maps and its global counterparts (denoted presently by convc, conv' c ) are proper 
in order to apply the fact that nearby cycles commute with direct image under a 
proper map. The maps ami, cxyrwc-, conv c are not proper, thus we do not a'priori 
have an isomorphism between the direct image under amvc or ami c of nearby 
cycles of a sheaf and nearby cycles of its direct image. However, we do have a 
canonical map in one direction. If we start from a sheaf on J- 1 which is the pull- 
back of a sheaf on Tl, then the map is an isomorphism because the sheaves in 
question are pull-backs under a smooth map of ones considered in |17j . Since all 
objects of D can be obtained from objects in the image of the pull-back functor 
Djo jo — !> D by successive extensions, the map in question is an isomorphism for 
any T £ D, and claims (b,c) follows. 

d) follows from (a). □ 

3.5.3. Monodromy endomorphisms. Being defined as (the inverse limit of) nearby 
cycles sheaves, the objects Zy, V £ Rep{G~) carry a canonical monodromy auto- 
morphism. It is known that the monodromy automorphism acting on the sheaf 
Zy is unipotent, it follows that the one acting on Zy is pro-unipotent. We let 
my : Zy — > Zy denote the logarithm of monodromy. 

It will be useful to have an alternative description of this endomorphism. Con- 
sider the action of G m on Tl by loop rotation. Since each I x I orbit on Ti is 
invariant under this action, every object of Vjo jo is G m monodromic with unipo- 
tent monodromy. Thus every J- £ V]o jo acquires a canonical logarithm of mon- 
odromy endomorphism which we denote by By passing to the limit we also get 
a definition of fijr for T £ V . 

Proposition 14. a) We have my = fig . 

b) The logarithm of monodromy defines a tensor endomorphism of the functor 
Z , i.e. we have my®w = m-v * ^z w + Idz v * mw- 

Proof, a) follows by the argument of [TJ 5.2], while (b) is parallel to jTTJ Theorem 
2]. □ 
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3.5.4. Filtration of central sheaves by Wakimoto sheaves. It will be convenient to 
fix a total ordering on A compatible with addition and the standard partial order. 
This allows to make sense of an object in an abelian category with a filtration 
indexed by A and of its associated graded. 

Recall that the object J\ was defined canonically up to a unique isomorphism 
starting from a fixed uniformizer t of the local field F, while the central functor Zy 
was defined using an algebraic curve C with a point xq together with a fixed isomor- 
phism between F and the field of functions on the punctured formal neighborhood 
of xo in C together a fixed etale local coordinate at xq . In the next Proposition we 
assume that t is given by the local coordinate. 

Proposition 15. a) For any A there exists a canonical injective morphism vj\ : 
Z\ — > Sx ■ H is compatible with convolution in the following way: the composition 
of tux+f! with the canonical map Z\ * Z M — >• Z\ +fJ _ equals w\ * . 

b) The surjection vj\ extends to a unique filtration on Z\ indexed by A with 
associated graded isomorphic to a sum of Wakimoto sheaves J^. 

c) The filtration on Z\ is compatible with the monoidal structure on the functor 
V i — y Zy , making V i— > gr(Zy) a monoidal functor. 

(2) 

Proof, a) follows from the following standard geometric facts. Let (Tl c )\ be the 
closure of T£ e x Qx.\ x C° c Tt^ (where e G W is the unit element). Then T£\ x 

(2) (2) 

{xq} is contained in the smooth locus of (T£ c )\, it is open in (Tl c )\ {xq}. It 
follows that Z\ which is by definition the nearby cycles of 8^1 M IC\ is constant on 
Tl\ which is open in its support (see [TJ 3.3.1, Lemma 9]). Likewise, considering 

~(2) ( 2 ) 

the preimage [Tl c )\ of (Ft c )\ in Tic we see that Tl\ is open in the support 
of Z\ and the restriction of Z\ to F\ is a free pro-unipotent local system (shifted 
by dim(J r ^A))- This yields a surjection as in (a). To see existence of a canonical 
choice of the surjection it suffices to see that the stalk of Zy over the point \[t) 
has a canonical generator as a topological 7Ti (T) module. This follows from the fact 
that the section (l^j, Ag r ) : C° — > Tie extends to C and its value at xo is A(t)«. 

Uniqueness of the filtration in (b) follows from the fact that Hom'^Jx, J^) = 
for fi 2< A (Lemma Efb)). Together with the isomorphism J\ * = Ja+^i this 
also implies compatibility with convolution and the monoidal property. Existence 
of the filtration is equivalent to the fact that * Z\ admits a free-monodromic 
costandard filtration when fi is deep in the dominant chamber (more precisely, when 
fi + v is dominant for any weight v of V\). This follows from Proposition [S] and the 
corresponding fact about the sheaves Z\ established in [T]. □ 

3.5.5. Torus monodromy. Every sheaf in Vjo jo is monodromic with respect to I x T 
with unipotent monodromy, since every irreducible object in Vjojo is equivariant. 
Thus taking logarithm of monodromy we get an action of Sym(t © t) on Viojo by 
endomorphisms of the identity functor. 

Lemma 16. a) The action of the two copies oft on A w , V w differ by twist with the 
element w € Wf, where we use the notation w i— > w for the projection W — ► Wf. 
In particular, the left action oft on the objects A\, V\, A € A, coincides with the 
right one. 

b) The left action of t" on the objects J\, Ae A, Z^, fi G A + coincides with the 
right one. 
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c) The action of loop rotation monodromy on A\, Va, J7a coincides with the 
image of coweight A £ t" under the above action of t~. 

Proof, a) is clear from the definitions, the statement about J\ in (b) follows from 
(a). The statement about Z\ in (b) follows from the construction with nearby 
cycles. Part (c) is a consequence of the following observation. For a cocharacter 
A let A be the corresponding element of Gp, and let R denote the loop rotation 
action of G m on GK . Then we have R(s)(X) = A(s)A = AA(s). □ 

4. Construction of functors 

4.1. A functor from D b (Coh G (g~)). Recall that §" denotes the formal comple- 
tion of g" at J\f. 

In this subsection we construct a monoidal functor F : D G (g~) — > D. The func- 
tor we presently construct is compatible with the equivalence $ : D b (Coh G (St)) = 
D that will be established in section |H] as follows: F = $ o 5*, where S : g" — > St is 
the embedding. 

The construction is parallel to that of [TJ §3], so we only recall the main ingre- 
dients of the construction referring the reader to [T] for details. 

Following the strategy outlined in section l2~2l we first list compatibilities satisfied 
by the functor F which characterize it uniquely. 

4.1.1. Line bundles and Wakimoto sheaves. Recall that for A £ A the corresponding 
line bundle on B is denoted by 0,g(A), while O^-(X) is its pull-back to g". The 
functor F satisfies: 

F(O f (A) = J X . 

This isomorphism is compatible with the monoidal structure on the two categories, 
i.e. it provides a tensor isomorphism between the functor 9 (see Corollary [5]) and 
the composition of F with the tensor functor A M- O^-(A). 

4.1.2. Twists by representations and central functors. We have a tensor functor 
Rep(G~) — > CohP (g~) sending a representation V to V ® O. Composition of F 
with this functor is isomorphic to the tensor functor V i— > Zy (see section ^. 5[) . 

4.1.3. The lowest weight arrow. We have a familiar morphism of G" equivariant 
vector bundles on B: Ob ® V\ — > 0&(\). We can pull it back to §" to get a 
morphism in Coh (§~). The functor F sends this arrow to the map vd\ (notations 
of Proposition [15]). 

4.1.4. Log monodromy endomorphism. Notice that for x € G~, J- £ CohP (g~) the 
centralizer of x in G~ acts on the fiber JF X of J- at x . Differentiating this action one 
gets the action of the Lie algebra of the centralizer $(x). In particular, x £ 3 (x) 
produces a canonical endomorphism of J- x , it is easy to see that it comes from 
a uniquely defined endomorphism of J 7 , which we denote by m_F (in [1] we used 
notation Np ut ). It is clear that restricting m to sheaves of the form T = V <g> Cg- 
one gets a tensor endomorphism of the tensor functor V ^-V ® O^- . 

We require that F sends mygo to the monodromy endomorphism [iy . 
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4.1.5. Projection to t and torus monodromy. We have a canonical map g~ — > t'*, 
thus the category D b {Coh G (§")) is canonically an <D(t'*) linear category, i.e. t~ 
acts on it by endomorphisms of the identity functor. This induces a pro-nilpotent 
action of f on D b (Coh G ' (§')). 

According to section 13.5.51 we have two commuting pronilpotent t~ action on 
V and hence on D. The functor F intertwines the action of t~ described in the 
previous paragraph with either of the two monodromy actions. 

4.2. Monoidal functor from sheaves on the diagonal. We use a version of 
homogeneous coordinate ring construction and Serre description of the category of 
coherent sheaves on a projective variety. 

Let C(g~) the preimage of g~ C g~ x B under the morphism g~ x G'/U~ — > g~ x B. 
Let G'/U' denote the afhne closure of G~/U~. Notice that G'/U" can be realized 
as a locally closed subscheme, namely as the orbit of a highest weight vector in 
the space V of a representation of G. Moreover, if the representation V is chosen 
appropriately, the closure of G~/U~ in V is isomorphic to G~/U~. Define the action 
of the abstract Cartan t" on V such that t G t~ acts on an irreducible summand 
with highest weight A by the scalar (A, t). Then define a closed subscheme0 C C 
g" x t" x G'/U' by the equation x(v) — t(v), x G q~, t G t", v G G'/U' c V. 

We leave the proof of the following statement to the reader 

Proposition 17. A) The scheme C does not depend on the choice ofV subject to 
the above conditions. 

B) Consider the category of commutative rings over 0(f) equipped with a G" 
action which fixes the image ofO{i~). 

The following two functors on that category are canonically isomorphic: 

(1) R i ^ Hom(Spec(R),C) where Horn stands for maps compatible with the 
G~ action and the map to t~. 

(2) R^{{E v ,l v ) | V G Rep{G')}. Here for V e Rep(G~), E v e End R {V <g) 
R) and ty is a map of R-modules R — > V ® R. This data is subject to the 
requirements: 

(a) functoriality in V 

(b) E v ® w = E v ® Id w + ld v <E) E w ; 

( c ) lV®W = I'V ® I'Wi 

(d) E Vx o l v — A o l v where A G t~* C 0(l~) -> R. 

4.2.1. Deequivariantization. (cf. section [2. 2.1( 3)) We will make use of the following 
construction. Let C be an additive category linear over the field k, with an action of 
the tensor category Rep(H) of (finite dimensional algebraic) representation of H, 
where H is a reductive algebraic group over k. (Recall that k is algebraically closed 
of characteristic zero; the definition is applicable under less restrictive assumptions). 

We can then define a new category Cdeeq by setting Ob(Cdeeq) — Ob(C), Homc dccq (A, B) — 
Hom Ind ( C ){A,0(H)(B)), where Ind(C) is the category of Ind objects in C and 
0(H) is the object of Ind(Rep(H)) coming from the module of regular functions 
on G equipped with the action of H by left translations. Using that H is reductive 
over an algebraically closed field of characteristic zero we can write the Ind-objcct 



4 Here notations diverge from that of pQ, there hat was used to denote the affine cone, while in 
the present paper it is used to denote completions. 
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Q_(H) as (J) V_<E)V*, where IrrRep(H) is a set of representatives for iso- 

V_eIrrRep(H) 

morphism classes of irreducible H modules and for a representation V_ G IrrRep(H) 
we let V denote the underlying vector space. Thus we have 

Hom deeq (X,Y) = Hom(X,V(Y))®V*. 

VelrrRep(H) 

For example, if C — D b {Coh H {X)) where X is a scheme equipped with an H 
action then for J 7 , Q 6 C we have HomdeeqiJ 7 , Q) = -ff° m D 6 (Co/i(x))(^ r : (?)■ 

When we need to make the group H explicit in the above definition we write 
Hom deeq instead of Hom de eq- 

The category Cdeeq is enriched over iJ-modules, i.e. every Horn space carries the 
structure of an iJ-module compatible with convolution. We refer the reader to [2] 
for further details and to [H] for a more general construction (cf. also [T] , proof of 
Proposition 4). 

This formalism comes in handy for deducing the following statement. 

Let Cohf r xT ~ (C) be the full subcate gory in Coh G xT (C) consisting of objects of 
the form V®0, V e Rep(G~xT~). In other words, objects of Cohf r * T ' (C) are rep- 
resentations of G'xT' and morphisms are given by Hom{Vi, V2) — Hom CohG - xt-(<j)(ViC 
O, V2 £S> O). This is a tensor category under the usual tensor product of vector bun- 
dles. 

Corollary 18. Let C be a k-linear additive monoidal category. Suppose we are 
given 

1) A tensor functor F : Rep(G~ x T~) -> C. 

2) A tensor endomorphism E of F\n ep (cr), Ev 1 ®v 2 = ^Vi ®Wf(f 2 ) + /df-(Vi) ® 
E V2 . 

3) An action of 0{i~) on F by endomorphisms, so that for f £ 0(t~) we have 

fvi®v 2 = fv t ® IdF(V 2 ) = Id>F(yi) ® fv 2 ■ 

4) A "lowest weight arrow" vo\ : F(V\) — > F(X) making the following diagrams 
commutative: 

F{Vx®V^) > F(V x+ » 



F(X) ® c F(jj) F(\ + n) 

F(V X ) F(\) 



■I 



F(V X ) F(X) 

where the right vertical map is the action of the element A G t C 0(t~) coming from 
(3)- 

Then the tensor functor F extends uniquely to a tensor functor Coh^ r (C) — > C, 
so that E goes to the tautological endomorphism m (see section \4-l-4\ l- the action 
of t comes from the projection C — > t and the lowest weight arrow comes from the 
map described in section \4-1.3\ 

Proof. Extending the functor F to a functor Coh9 r (C) —> C is equivalent to pro- 
viding a G~ x T~ equivariant homomorphism 0(C) — > -Hom^ ee * T (lc, lg). Thus 
Corollary follows directly from Proposition [171 □ 
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4.2.2. The functor &diag- We now construct a monoidal functor ^/ iag '■ Coh G r xT (C) —> 
V (more precisely, a monoidal functor to D taking values in V). 

The functor is provided by Corollary [TSJ we have the action of Rep(G~) on D 
coming from the central functors (subsection 14. 1.2]) . and a commuting action of 
Rep(T~) coming from Wakimoto sheaves (|3.3j) : the logarithm of monodromy endo- 
morphisms (subsection [47TT4J) provide endomorphism E while the torus monodromy 
(section I3.5.5j) gives an action of t = t~* . The morphisms described in subsection 
14.1.31 yield arrows ty. It is not hard to check that the conditions of Corollary [TBI 
hold. 

4.3. "Coherent" description of the anti-spherical (generalized Whittaker) 
category. Consider the composition Ho(Cohj r xT (C)) — > Ho{V) — > D where 
Ho denotes the homotopy category of complexes of objects in the given additive 
category and the first arrow is induced by ^ d \ ag ] this composition will be denoted 

Let Acycl C Ho(Coh G r xT (C)) be the subcategory of complexes whose restric- 
tion to the open subscheme C is acyclic. 

Proposition 19. : Acycl -> 0. 

Proof. Proposition follows from existence of a filtration on Z\ with associated 
graded being the sum of Wakimoto sheaves (Proposition [T5jb)) by an argument 
parallel to j; 3.7]. □ 

We have D b (Coh G ~ (q)) = Ho(Coh G ~ r xT ~ (C)) /Acycl, thus the Proposition yields 

a functor D b (Coh G (§")) — > D. The log monodromy action of t" on the identity 
functor of D is pro-unipotent, it is easy to deduce that the functor factors canoni- 
cally through a functor D b (Coh G (q~)) — > D, we denote the latter functor by &diag- 
A closely related functor F : D b {Coh G '(N)) -> D L i was constructed in [T| §3]. 

Lemma 20. Let i : Af — > g~ be the embedding. The following diagrams commute 
up to a natural isomorphism: 

D b {Coh G ~&)) D 

•i 1- 

D b (Coh G (AO D I0J 

D b {Coh G '{N)) — D u 

i M Res^Q 07r* [r] 

D b {Coh G ~{&) b 
where Res stands for restriction of equivariance, and r = rank(g). 

Proof. To check commutativity of the first diagram it suffices to prove the simi- 
lar commutativity for functors on the categories of finite complexes in Coh G r (g~). 

This follows from the isomorphisms ir*(Zy) = Zy (Proposition |T3[d)) tt^(J'x) = J\ 
(Lemma Etc)) which are easily seen to be compatible with monodromy endomor- 
phism and lowest weight arrows. 
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Now commutativity of the second diagram follows from the fact that 7r*7r» : D — > 
D is isomorphic to the functor of tensoring with Koszul complex over the algebra 
U(t) composed with shift by — r, r = dim(T), see Lemma 145T b). □ 

4.3.1. Equivalence &iw ■ We are now ready to establish ([6]). 

Proposition 21. Aviw ° <&diag is an equivalence. 

Proof. We first show that $diag is fully faithful. It suffices to show that 

Hom(F, G)^ = ^Hom(Av IW $ dlag (T) 1 Av IW <& diag (Q)) 

when T = ^(J 7 '), T' € D b (Coh (A - )), then the statement follows since the image 
of generates D b (Coh <G y (§")) under extensions, so we get the isomorphism for 
F, Q £ D b {Coh J ^(o')). Passing to the limit we then get the isomorphism for all 

J,ge D b {Coh G {$')). 

Using the parallel statement in the non-monodromic setting proved in [TJ §4] 
and the first commutative diagram in Lemma l20l (or rather the statement obtained 
from it by left-right swap) we get: 

Hom(u(F'),g) £ Hom(F',i*g[-r}) S Hom D i w (AviwF(F')), Av IW F(i*g)[-r}) S 

Hom D i w {Av IW F{F'),{Av I l0 ) l *f t Av IW {$ diag {g))[-r}) = 

Hom Dl o ((Res^y^AvmrFi^Avjw^diagig^i-r]) Si 

Horn {Aviw$diag{F), Avi W $ diag (g')) , 

where we used that r] is right adjoint to i*. 

This shows that the functor is fully faithful. Again using the parallel statement in 
the non-monodromic setting and Lemma 1^01 we see that the essential image of <&diag 
contains the image of the functor of restricting the equivariance F)\ w — > Dja Iw . 
Since any object in D b (Coh G (§")) is an inverse limit of objects in D (Cohj-. (§")) 
whose image under i* : Pro(D b (Coh <3 y ' (q~))) Pro(D b (Coh G ~ (A/ - ))) lies in D b (C'oh G (AT)), 

the corresponding pro-object in D\ w lies by definition in Djw, which implies es- 
sential surjectivity. □ 

4.4. D is a category over St/G~, Dj<> I is a category over St'/G~. The goal of 
this section is to construct an action of the tensor category D G er j{St) on D and of 
D G er f{St') on Djo j, both categories are equipped with the tensor structure coming 
from tensor product of perfect complexes. 

4.4.1. The action of the tensor categories Coh G ree (Cst), Coh G ree (Cst')- We let 
Cst be the preimage of diagonal under the map Cg- x Cg- — > g~ x g", and let 
Cst' be the preimage of under the second projection to t". We have open subsets 
C S t C C S t and C S t> C C S v where the action of T~ x T is free and St = C(St)/T' 2 , 
St' = C(St')/T~ 2 . 

We apply Corollary [T8l in the following setting: the group G~ is replaced by G~ 2 
and C is the category of functors D — > D (respectively Djo j — > Djaj). 

We have two actions of Rep(T~) coming from, respectively, left and right con- 
volution with Wakimoto sheaves. We consider the action of Rep{G~ 2 ) obtained as 
composition of restriction to the diagonal copy of G" and the action by central func- 
tors. The nearby cycles monodromy acting on the cental functor defines a tensor 
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endomorphism E of the G' 2 action, while the torus monodromy defines an action 
of t" 2 . It is not hard to see that conditions of Corollary [181 are satisfied. Thus we 
get an action of Cohj r (C ) on D, Djo j. 

The fact that the action of G' 2 factors through restriction to diagonal is eas- 
ily seen to imply that the action factors canonically through a uniquely defined 
action of GobP xT (C ). Furthermore, since the isomorphism between the two 
actions of G" is compatible with the tensor endomorphism E, both actions factor 
through a uniquely defined action of Coh G ^ r xT (Cst). Finally, since the second 
(right monodromy) action of t~ on Djo j vanishes, the action of Coh G r xT (Cst) 

factors through Coh G r xT (Cst 1 )- We denote the two actions by $/ r , respec- 
tively. 

4.4.2. Extending the actions to the perfect derived categories. Our next goal is to 
extend the action described in the previous subsection to complexes. We encounter 
the standard non-functoriality of cone issue, which we circumvent in the following 
way. 

We use the equivalences Ho(T)—>D, Ho(T)—*Dioj. 

Assume given a finite complex J 7 ' of objects in Coh G xT (Cst), where each 
term T l is a trivial vector bundle twisted by a representation U l of G~ x T' 2 . 
Pick A, /i £ A so that for each character (\j,(J>j) of T' 2 appearing in one of the 
representations U l we have A + Xj € (— A + ), fi + fij G A + . 

In view of Corollary Q2] and Lemma Efd) the functor $/ r o J l x o J* sends T to 
V, where j{ : X M- J x * X, J* : X i-> X * J„. 

We now define a functor D — »■ D as the composition: 

L> ^ D ( i?o(T) f > Ho(-P) -> D. 

We claim that different choices of A, y, produce canonically isomorphic functors. 
This follows from existence of a canonical up to homotopy quasi-isomorphism J_\ * 
T -> T', T -> T * J^, where T, T" are finite complexes of objects in f and T 
represents the object in the derived category corresponding to J-\*T (respectively, 
T * Jn), A, /i e A+. 

Thus we get a well defined functor Ho(Coh G ' r xT ' 2 (C S t)) -> End(D). It is 
not hard to see from the definition that the last arrow carries a natural monoidal 
structure. 

Let Acyclst C Ho(Coh° r xT (Cst) be the subcategory of complexes whose re- 
striction to Cst is acyclic. As in Proposition [19j the fact that the lowest weight 
arrow w\ extends to a filtration by Wakimoto sheaves compatible with convolution 
implies that Acycl acts on D by zero. Thus we obtain an action of Ho(Coh G r xT (C st))/ Acycl 
D G r ASt). Finally, since the action of the monodromy endomorphism is pro- 
unipotent, we conclude that the action factors through D G er j(St). 

A parallel argument (with the previous sentence omitted) endows Djo j with an 
action oiD^ rf (St'). 



4.4.3. Compatibility between the two actions. For future reference we record a com- 
patibility between the two actions. 
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Lemma 22. For T G D^ er j(St), X G D and Y G D we have canonical isomor- 
phisms 

7r*(e st (F)(Y))*F(n*(Y)), 

where ist denotes the closed embedding St' — > St. The isomorphism is functorial 
in T , X , Y and it is compatible with the monoidal structure of the action functor. 

Proof. Comparing the procedures of extending the action to the category of com- 
plexes for D and D and using that 7r* sends T into T we see that to get the first 
isomorphism it suffices to construct a functorial isomorphism for T G Coh^ r (St) . 

This follows from it*(Zv) = Zy, 7t*(J7a) = J\, where the second isomorphism is 
compatible with the log monodromy endomorphism and the last two isomorphisms 
are compatible with the lowest weight arrows. The second isomorphism can be 
deduced using the adjunction 

Hom(F{X),X') = Hom(X,J 7 *(X')) 

which holds for both actions; here J 7 * = R Hom jJ- \ O). In view of the isomorphism 
i*(T*) = (i*(T))* the second isomorphism follows from the first one. □ 

5. The anti-spherical projector. 
Set ^< — -^t^o ' — ■ 

Recall that D\° w is the derived category of Iwahori-Whittakcr sheaves on JFl. 
We have averaging functors Avjo ^ : -D/ ./ — > D\° w and Avio : Djyy — > Djo jo. 

5.1. S and Whittaker averaging. 

Proposition 23. (see [131 4.6]J a) Right convolution with 3 is isomorphic to Avjo o 
Avjo_^. 

b) Convolution with 2 is isomorphic to its left and right adjoint. 

c) The full subcategory in T consisting of direct sums of copies oj ' S is a monoidal 
subcategory. It is equivalent to C l oh / ree (f)* X^'/Wt §*)> where "hat" stands for com- 
pletion at zero. □ 

5.2. Tilting property of H * Z\. 

Proposition 24. For V G Rep(G~) we have 

a) 5 * Zy G T ■ 

b) E*Z v G T. 

Proof, a) is proven in [JJ . Part (b) follows from Lemma [51 compatibility of central 
functors with direct image and Propostion [237a) and part (a) of this Proposition. 
□ 

Corollary 25. For T G T, f G T we have 

Ext^°(J x *E*J^*Z„T) = 0, 

Ext*°{Jx *~*J ti *Z l ,,f) = Q 

for A,/i ^ 0. 
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Proof. We have 

Ext'{J x * 5 * J M * Z V ,T) = Ext'(J x *E*J^*Z„T* J_„). 

Comparing Proposition [24] with Corollary [12] we see that J\ * 3 * Z v admits a 
free monodromic standard filtration, while T * JL M admits a free-monodromic co- 
standard filtration, which implies the second vanishing. The first one is similar. 
□ 

5.3. Convolution with 5 and the Springer map. Recall that ps pr denotes the 
projection g~ — > g~. 

Proposition 26. The equivalence Di\y = D b (Coh G j (g~)) intertwines the endo- 
functor J- t— > H * J 7 with the endo-functor Pg pr ps P r* ■ 

We start with a 

Lemma 27. Recall that denotes the equivalence D b (Coh G = Diw- 

a) The object $>J w (Aviw{3)) £ *PiW * s canonically isomorphic to 0(f)) ®e>(fj)w 

0. 

b) The composed functor J 7 h- > 3 * ($1^ °? , Spr(^ r )) * s isomorphic to the functor 

J 7 h-> $ /V y(0(f)) PSpr)- 

cj For J 7 G D/w we have E * J 7 = iff {^jw^ 1 (J 7 ) e Ker(p Spr *). 

Proof of the Lemma, a) To show that ($j^-) -1 (E) is noncanonically isomorphic 
to 0l w l we use the filtration on 3 with associated graded being the sum of V w , w G 
W/. Since V e = $^03(0) and Aviw (V w ) — Avjw(V w ') whenw' G wWf, it follows 
that the image of Aviw(£) under {^ I IW )~ 1 admits a filtration of length \W\ where 
each subquotient is isomorphic to 0. It is well known that Ext]j oh o- (g-)(^ '> 0) = 0> 
hence we get an isomorphism. A canonical isomorphism now follows from Proposi- 
tion 1231 c) . which yields an isomorphism 0(f)) ®o(t)/W) 0^ w ^ =5*5. 

b) The functor & IW o p* Spr : D b {Coh G ' (§")) -»• £> /w comes from the central 
action of D b (Coh G on Z). Since this action commutes with the functor of 
convolution with 5, (b) follows from (a). 

c) The kernel of ps pr * is the (right) orthogonal to the objects O® V, V G Rep(G'). 
So we need to show that 5 * J 7 = Homo IW (Avjw(Z\), J 7 ) = for all 
A G A + . First, if 5* J 7 = then by self-adjointness of convolution with 5, Hom(E* 
Aviw{Z\), J 7 ) = 0. We have 5 * Z\ = Z\ * 5 and Au/vK-^A * ") admits a filtration 
where each subquotient is isomorphic to Aviw(Z\). By a standard argument it 
follows that Homjj i (Aviw(Z\), J 7 ) = 0. Conversely, suppose that 5 * T / 0. 
We need to show that Homj~ )[w {A v iw{Z\)^T) ^ for some A. Without loss of 
generality we can assume that J 7 G Viw (recall that convolution with 5 is exact). 
Then, since Homf )i (V^, 5 * J") depends only on the 2-sided coset WftvWf, we 
see that Homfj (V w , 5 * J 7 ) ^ for some w which is maximal in its 2-sided Wf- 
coset. Using the tilting property of 5 * Z\ one sees that for such w the object 

is a quotient of E*Aviw(Z\) if A G WfwWf. Thus Hom{E*Aviw{Z\), E^J 7 ) ^ 0, 
hence Hom(Aviw(Z\ * 5), J 7 ) ^ and Hom(Aviw(Z\), J 7 ) ^ 0. 

Proof of Proposition [26] Lemma l27Tc) yields a morphism pj pr oFg -> j>g pr , 

where F± : J 7 — > &J W (E * $m?(J~)). By adjointness we get a morphism — > 
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PSpr*Ps pr - This map is an isomorphism on the image of p* Spr by Lemma [27] (b) 
and on K er(ps pr *) by Lemma l27Tc). The two subcategories together generate the 
category in the weak sense (their common orthogonal is zero), since both functors 
are self- adjoint, it follows that the arrow is an isomorphism. □ 



6. Properties of $ per / 

Recall the actions defined in subsection !4.4.2l and objects 3 = T Wo , S = T Wo . We 
define $ per/ : D b perf (Coh G ~ {St)) -»• D, $ pe rf(T) = .F(S) and 

%erf : D b perf (C0h G -(St)) -> D lQ J, %erf{F) = .F(S). 

6.1. Compatibility of <I> per / with projection 5f — > g". We start by recording 
some of the compatibilities following directly from the definitions. 

Lemma 28. The following diagrams commute up to a natural isomorphism: 
D b (Coh G '{St)) — > D b {Coh G '{St')) 

D — ^ D 
D b {Coh G ~(&)) D b (Coh G '{St)) 

£>iw — — ► D 
Z? b (Co/i G "(g-)) (PrSpri) > D b {Coh G '{St')) 



ight 



D IW '- ► D 

Proof. Commutativity of the first diagram follows from the corresponding compat- 
ibility for action (Lemma l2"2"j) and the isomorphism 7r*(H) = S (Proposition [TTJb)). 
To see commutativity of the second one observe that the functor AtG, 9 * of aver- 
aging with respect to the right action of 1° commutes with convolution on the left. 
For T e D b (Coh G ~ (q)) the object pr*spr,i^) e D perf(^) acts b y left convolution 
with <&diag (J 7 ) , thus the required commutativity follows from Proposition l23Ta) . 
The proof for the third diagram is similar to the second one. □ 
The main goal of this section is the following 

Proposition 29. The functor D G er j (St) x Diw — > Diw sending (T, Q) to $ pe r/ (-7"")* 
Q extends to an action of the monoidal category D b {Coh G (St)) on Diw , so that 
the equivalence $>iw * s compatible with the structure of a module category over the 
monoidal category D G er j(St). 

It suffices to construct an isomorphism 

(11) $IW(F*G) =%erf(J 7 )*$Iw(G) 

functorial in J 7 , Q. 
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When T = O, so that $(.F) = 2, the isomorphism (for any Q) is provided by 
Proposition 1261 Since the functors commute with twist either by a line bundle or 
by a representation of G" we get an isomorphism for T of the form 0(A,/x) C§> V, 
V G Rep(G~), this isomorphism is functorial in J- . Q. 

By a standard argument, any object in D G er f(St) is a direct summand in one 
represented by a finite complex of sheaves of the form 0(Ai, fj,i) (8> Vi, where A.;, [ii -< 
0, thus we can assume without loss of generality that J- is of this form. Pick v G A + 
such that fa + v G A + for al i. We can choose a finite complex of free-monodromic 
tilting objects in Viw representing J- V *Q, then Q is represented by a finite complex 
of objects J v * Tj, Tj G Thy- 

We claim that 

(Jx, *E*J„ i )* {J Vj * Tj) G TW, 

$7^(J- Ai *S * J^) * (X, *fi) G Co/i G "(f ). 
Here the first claim follows from Lemma^d) the second one follows from Lemma 
l30fa) below. 

It is easy to check that on the coherent side the convolution of corresponding 
objects in the derived category is presented by the bi-complex of convolutions: 
convolution is the composition of pull-back and push-forward, our object are acyclic 
for pull-back, and the assumption on ^ ensures the pairwise pull-back is adjusted 
to push- forward. 

Also the convolution of the objects in the derived categories of perverse sheaves 
represented by the two complexes is represented by the bicomplex of convolutions, 
this follows from [T3]. The Proposition follows. □ 

Lemma 30. a) (Sf^)" 1 ^ * J„ * f ) G Coh G '{&) forfiE A+, f G Thy- 

b) m w )~ l (j™) G Coh G '(Af) for any w G W/W f . 

c) ($nV)- X (V^) G Coh G \f) for any w G W/W f . 

Proof, a) An object in T G D b (Coh G (§")) lies in the abelian heart iff for large 
A we have WT(T (g> 0(A)) = for i ^ 0. Since i?T(J") = Homg eq (0,J 7 ), it 
suffices to show that Horn 1 - (S * Aviw{Z\), Jn * T) — for i ^ 0. This follows 

' IW 

from Proposition [24l b) and the fact that J M * T has a free-monodromic costandard 
filtration by Lemma Bid). 

Similarly, the first statement in (b) follows from Ext l nI (Aviw(J-\*Zu),j^) = 

U IW 

for i ^ 0, A G A + . The latter Ext vanishing is clear from the fact that AviwiZ^) 
is tilting in Vj w [U Theorem 7], hence Aviw ( J-x * Z^) admits a costandard filtra- 
tion. The proof of (c) is parallel to that of (b), with (co)standard replaced by free 
monodromic (co)standard. □ 

6.2. $ P er/ is a full embedding. It suffices to show that the map 

H am' ( V <g> O st (A, p) , V ® O st (A', y!) ) -> Horn' (Z v * J x * S * , Z v , * J x > * E*J„,) 

induced by $ is an isomorphism. 

The functor $ sends twisting by a line bundle to convolution by Wakimoto 
sheaves, and twisting by a representation of G" to the central functor. Since adjoint 
to such a twist is twist by the dual representation, and similar adjunction holds for 
the central functors and convolution by Wakimoto sheaves, we see that it suffices 
to consider the case when A — = // and V is trivial. 
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Then we have: 

Hom^E * J^, J x > * Zy *£) = ffom^ jw (5 * J^, J\< * Z v <) = 

Hom Db{Coh G- (g-)) {p* Spr PSpr* (Cg- O)) , Og- (A')®V) = ffwiiflbjc^G^-)) (PS>r,2*Ps pr ,l (%- (m))) 

f (A')®V'). 

Here the first isomorphism comes from the fact that right convolution with H is 
isomorphic to Avjo o Avjw . The second isomorphism uses the " coherent" descrip- 
tion of the Iwahori-Whittaker category along with the fact that left convolution 
with S corresponds to p*s pr PSpr* on the coherent side. Finally, the last isomor- 
phism comes from: p* Spr ps pr * — PSpr,2*Ps pr ,n which follows from base change for 
coherent sheaves and the fact that Tor >o(0g-, Og-) = 0. 

Using adjointness we get: 

Hom D h(CohG-(a~)) (pr 2 *pr* (Og-(/i)), Og- (A')® V) = Hom D b (Coh(St) (P r i (£>~ 5 -{p)), 

pr* 2 (O r (\')®V')). 

Since $ : pr*(Og-(//)) n- J^*E, $ : 0g-(A')®U' h-» J\<*Z V ,*Z, we have constructed 
an isomorphism between the two Horn spaces. A routine diagram chase shows that 
isomorphism coincides with the map induced by $. □ 

7. Extending an equivalence from the subcategory of perfect 

complexes 

7.1. A criterion for representability. Let algebraic stack X be given by X = 
Z/G where Z is a quasiprojective scheme over an algebraically closed field of char- 
acteristic zero and G is a reductive group. [The results of this section are likely 
valid in greater generality but we present the setting needed for our applications] . 
We fix a G-equivariant ample line bundle L on X, such a bundle exists by Sum- 
ihiro embedding Theorem (though in examples considered in this paper X comes 
equipped with a supply of such line bundles). 

Set D = D b (Coh(X)) and let D per f(X) C D be the subcategory of perfect 
complexes. Set D^ r} = D- n (Coh(X)) n D per f(X), and let D^ rf C D perf {X) 
be the full subcategory of objects represented by complexes of locally free sheaves 
placed in degree n and higher, and their direct summands. 

Remark 31. It is obvious that D^ rf C D^ n (Coh(X)) DD perf (X), Using [351 The- 
orem 3.2.6] ("finiteness of finitistic dimension") one can also show that D^ n {X) c 
£)>n-dim(z) p| D per f, This implies that most of the statements below hold with 
D perf replaced by D^ n (Coh(X))DD perf {X). We neither prove nor use this point. 

Proposition 32. a) The natural functor from D (Coh(X)) to the category of con- 
travariant functors on D per f(X) is fully faithful. 

b) A cohomological functor F on D per f(X) is represented by an object of D(X) 
if and only if the following conditions hold: 

i) For any n the functor F\ D > n is represented by an object of D per f(X) (not 

perf 

necessarily by an object of D-™ r j). 

ii) There exists m such that F\ D < m = 0. 
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Proof. Fix J 7 , Q G D b (Coh(X)) and let <pjr, 4>g be the corresponding functors on 
Dp er f(X). Fix a bounded above complex T* of locally free sheaves representing J 7 . 
Let J 7 >- n = T> f ^(.F•) denote the stupid truncation. 

Given a natural transformation cf>jr — > (f>g we get morphisms J 7 >- n — * G, compat- 
ible with the arrows J 7 >- n — > J>_( n +i). Choose n such that T G D > ~ n (Coh(X)). 
Then for N > n we have a canonical isomorphism J 7 = T>_„(J->_jv)- Assuming 
also that Q G D > ~ n (Coh(X)), we get an arrow J 7 = 7>_ n (.F>_jv) — »■ t>_„(£) = 
A standard argument shows that bounded above complexes representing a given 
T G D b (Coh(X)) form a filtered category (i.e. given two such complexes J 7 *, J 7 ', 
there exists a complex J 7 ' with maps of complexes J 7 * — > J 7 *, J 7 * — > J 7 * inducing 
identity maps in the derived category). This implies that the arrow J 7 —¥ Q does 
not depend on the choice of J 7 ' . 

Thus we have constructed a map Hom(<f>j?, 4>g) —¥ Hom(J- ',£/). It is clear from 
the construction that the composition Hom(J-, Q) — > Hom((frjr, (fig) — >• Hom(J 7 1 Q) 
is the identity map. It remains to see that the map Hom(4>jr, (f>g) — > Hom{T, Q) is 
injective. 

Let ft- € Hom((t>jr 1 <pg) be a nonzero element. Thus for some P € D per f(Coh(X)) 
and f : V ^ J- wc have 7^ : V Q. Fix again a complex J 7 *, for AT as 

above we get a distinguished triangle 

(12) T N \N\^ T>- N T ^ T N \N +\\ 

for some Jjv G Coh(X). For large A" we have Hom(V,'FN[N + 1]) = 0, thus 
y> factors through an arrow V — > ~F>_n. It follows that for 3> applying h 
to the tautological map ~F>-n J~ we get a nonzero arrow J 7 >—n Q- Since 
iJom(J 7 /v[A f ], Q) = = Hom(TN[N + 1],G) for large N, we see that the induced 
arrow J 7 — > £ is nonzero. This proves (a). 

We now prove (b). We first check the "only if direction. Condition (ii) is 
clear, and to check condition (i) let J 7 be the representing object, and choose a 
bounded above complex J 7 * representing T. Setting again T>n = t > c n c {J~') £ 
D per f(Coh(X)), we claim that Hom(Q ,J 7 )^ == >Hom{Q,J 7 >N) when Q G D^™^ N < 
to — d, where d = dim(Z). This follows from the fact that Ext z (£, /C) = for i > d, 
where £, K, G Coh(X) and £ is locally free. 

To check the " if direction, given a functor F satisfying the conditions take n in 
(i) satisfying n < to — d where m is as in (ii) and d = dim(iv). Let J 7 ' G D per f be 
a representing object for F\ D >„ . We claim that J 7 = r>„(J 7 ') represents F. 

perf 

First observe that 

(13) T G D >m {Coh(X)), 

to check this we need to see that H l (iF') = for i = n, . . . , m. If H' l (F') 7^ for 
such an i, we can find a locally free sheaf £ such that H om(£ , H l (J 7 ')) 7^ and 
Ext >0 (£, W{P)) = for all j (in fact, we can take £ = L® w <g> V where L is an 
anti-ample G-equivariant line bundle on Z and V is a representation of G). Then 
we get Hom(£[— i], J 7 ') = F{£[—i\) = 0, which contradicts (ii). 

We now construct a functorial isomorphism F{Q) = Hom(Q, J 7 ), (J G D per f(X). 
Fix such 5, and fix a finite complex Q* of locally free sheaves representing Q. The 
desired isomorphism is obtained as the following composition: 

Hom(g,r) = Hom{T^{g'),F) - Hom{r^{g'),F') - F{t^(Q')) = F(Q). 
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Here the first isomorphism follows from (fT3j). which implies that £fom(T<^ e (£?•), F) = 

The second isomorphism follows from the distinguished triangle r < „(J r ') — > T' — > 
F ->• T <n {F')[l] and the fact that Hom(Df™ f (Coh(X)), D^ n {Coh{X))) = 0, since 
to — n > d and Ext l (£,)C) — for i > d, where £, K. £ Coh(X) and £ is locally 
free. 

The third isomorphism is the assumption on J 7 ', and the last isomorphism follows 
from (ii) . It is easy to see that the constructed isomorphism is independent on the 
auxiliary choices and is functorial. □ 

Let X = Z/G be as in the previous Proposition. We assume that X admits 
a projective G-equivariant morphism X — > Y where Y is affine. Let L be a G- 
equivariant ample line bundle on X. We have the homogeneous coordinate ring 
0{X) = T(L® n ). The assumptions on X imply that 6{X) is Noetherian. 

n>0 

We now assume that C is a triangulated category with a hxcd full triangulated 
embedding i : D per f(X) — s- C. 

For M £ C we can form a module for the homogeneous coordinate ring $f(M) = 
® n > Homg eq mL®- n ),M). 

We also set $<(M) = (B n >iHom'^ eeq ($>(L®~ n ), M). 

Proposition 33. For M £ C the following are equivalent. 

a) For any m the functor on D^™j(X), T i— > Hom(i{J-),M) is represented by 
an object of D per f(X). 

b) The module ty{M[n\) is finitely generated for all n and ty(AI[n\) — for 
n > 0. 

c) We have ^>(M[n]) — for n 3> and for any n there exists m, such that 
ty m (M[n\) is finitely generated. 

The proof of the Proposition is based on the following 

Lemma 34. If§(M[n}) =0forn>s, then Hom{i{F), M) = for T £ D> e s + d+1 , 
d = dim(Z). 

Proof. We claim that any object in J- £ F)~^^ d is isomorphic to a direct summand 
in an object represented by a complex placed in degree s and higher, with each 
term isomorphic to L® 1 (g> V, i < 0, V £ Rep(G). This clearly implies the Lemma. 

It remains to check that claim. Let T £ F) p > ^ d . By a standard argument there 
exists a bounded above complex T* representing T whose terms are of the form 
jj&ri ^ n < o. Then using the fact that Ext 1 from a locally free sheaf to any 
sheaf vanishes for i > d, we conclude the argument by a standard trick: consider the 
distinguished triangle J- S [s] — >• ^^(J 7 ') —> T and use that Hom(J-, J- S [s + 1]) = 0. 
□ 

Proof of the Proposition, (a) clearly implies (b), while (b) implies (c). We 
proceed to prove that (c) implies (a). 

Assume that (c) holds. In view of the Lemma, it suffices to find for every 
to an object Fm,™ £ Dperf{X) and a morphism c m : i{J-M,m) — > M so that 
^>(Cone(c m )[l]) — for I > to. Moreover, it suffices to do so after possibly replacing 
the full embedding i by the functor i' : T H> i o ( T <£> L® p ) for some peZ (notice 
that conclusion of Lemma IMl is not affected by such a substitution). 
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Let do be the largest integer such that ^(M[do]) ^ 0. We argue by descending 
induction in do- Using the finite generation condition we find a locally free sheaf 
£ G Coh(X) and a morphism £[— do] — > M, such that the induced map ^> m (£) — > 
^> m (M[d ]) is surjective for some m g Z. Fix m > such that i? >0 r(L® i ® 
£) = for i > mo- We can assume without loss of generality that mo > m. 
Then upon replacing the embedding i by i' : T H> i{JF ® L®~ m °) we get that 
M' := Cone (£ -)• M) satisfies: §(M'[ij) = for i > d . Also it is clear that the 
finite generation condition is satisfied for M', i'. Thus we can assume that the 
statement is true for M' by the induction assumption. Then the statement about 
M follows from the octahedron axiom. □ 

7.2. A characterization of D b {Coh(Z)) as an ambient category of Dp er f(Z). 
We continue to assume that the functor $ is fully faithful. Assume also that equiv- 
alent conditions of Propositionl53"lhold. thus the condition of Propositionl3"27b) (i) is 
satisfied. Assume also that assumption (b,ii) holds. In view of Proposition[33]we get 
a functor * : C -4 D b (Coh(X)) sending M g C to T g D b (Coh(X)) representing 
the functor Q i-> Hom(i{G),M) on D perf (Coh(X)). 
It is not hard to see that 'I' is a triangulated functor. 

We now assume that C is equipped with a bounded ^-structure r. Consider the 
following properties of the functor ^ in relation to the i-structures. 

A) The functor ^> is of bounded amplitude, i.e. there exists S such that : 
D r,<a _^ D <s {Coh{Z)), W : D T ^° -> D>- 5 (Coh(Z)). 

B) There exists d eZ such that for T G C we have: G D^°(Coh(Z)) 
I g C T ^ d . 

Proposition 35. oJ Property (B) implies that ^> is fully faithful, 
b) Properties (A), (B) imply that ^ is an equivalence. 

Proof. To unburden notation we assume without loss of generality that d = 0, this 
can be achieved by replacing the i-structure r with its shift by — d. 

Recall that $ is assumed to be a full embedding. It follows that o $ = 
Ido f (z)- It follows from the definition of ^ that for T g D per f(Z) we have: 

Hom{${F),M) = Hom(F, *(M)) = Hom(V<f>(F), *(M)). 

Thus the map Hom(Mi, M2) — > Hom{^(Mi)^(M2)) is an isomorphism when 
Mi G Im{<&). 

Fix Mi,M 2 g C. Fix n such that M 2 g C T >>" and *(M 2 ) g D >n (Coh{Z)). 
Fix a bounded above complex J 7 * of locally free sheaves representing ^(Mi), and 
let -7->at g D per f(X) be the naive truncation as above. We have an exact triangle 
Tn[-N] -> J">jv T for some J" g Coh(Z). 

Assuming N < n, we get 

Foto(*(Mi),*(A/ 2 )) = iJom(J">Ar,*(M 2 )) = i2"om($( < F>jv) 1 M 2 ). 

We have a morphism $(J->jv) — > Mi whose cone lies in D T '- A ' +1 in view of condi- 
tion (B). [Notice that <f sends this cone to Ftf[—N + 1].] Thus Hom(M 1 ,M 2 ) = 
_ffom($(7 r >jv), M2), so composing the above isomorphisms we get that Hom{M\, M2) = 
Hom(^(Mx), ^(il^)). It is easy to see that this map coincides with the map in- 
duced by so (a) is proved. 

b) In view of (a) it remains to show essential surjectivity of ty. Fix T g 
D b (Coh(Z)) and a bounded above complex of locally free sheaves F* represent- 
ing I. Let n be such that T g D^ n (Coh(Z)). 
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Set N = n- 28. Set M = r Ti > n - 6 {§{J\ N )). Then *(M) G D >N (Coh(Z)) and 
the cone of the arrow *(M) -> J"> w = *($(J>jv)) ucs in -D <n - It follows that 
*(M) = J". □ 



8. Compatibility between the ^-structures and construction of the 
functor from constructible to coherent category 

8.1. Almost right exactness of $ per f. 

Proposition 36. If T G D is such that #om^°(.F, $ per/ (£)) = for Q G Cohf erf (St') 
then T e L>^ dim B(P). 

Remark 37. It is not hard to show a slightly stronger statement: in fact J 7 G 

^<dim g — rank(g) 

The proof of Proposition is preceded by some auxiliary results. 

Lemma 38. For X G D there exists a finite subset S C W , such that for large 
A G A + we have 

, s jUJ-x*X)^O^we(-X)-ScW; 
[ ' jUX*J-x)^O^weS-{-\)dW. 

Proof. By the *-support of an object X G D b (P) we mean the set of points i x : 
{x} ^ Tl such that i* x {X) ^ 0. Proper base change shows that the ^-support of 
J-\ * X lies in the convolution of sets Tl-x and Supp(X). This implies the first 
part of (fH]k the second one is similar. □ 

Lemma 39. Let T be as in Provosition \36[ 
For large A and n < — dim g we have 

(15) Ext n (J- X *J r ,jw*) = 
for all w. 

Proof. According to Lemma |3"51 there exists a finite set S C W such that for large 
A the left hand side of (fT5|) vanishes for all n unless w G S ■ (—A). Also for large A 
we have S ■ (—A) C Wf ■ (— A + ) and each element in this set is the maximal length 
representative of its right Wf coset. Hence for all w € W we have 

(16) Ext p {T* J-x,j w .) £ Ext p {F* J-x, V m *S), 

this follows from the fact that V w * 2 admits a filtration with associated graded 
jww f *, and for Wf ^ e we have Ext'iJ 7 * J-x,jww f *) = 0. 

w f eWf 

Comparing Lemma [3"0T c) with the third diagram in Lemma [25] we get 

fore-(<f>f w )- 1 (Vi H/ )GC / l G -(f). 

The sheaf 5 has a left resolution by locally free G~ equivariant sheaves of length 
at most dung = dim(g"). Thus (p's pr i)*(G) is represented by complex of locally 
free sheaves in degrees dimg and higher, so the condition of Propostion 1361 implies 
vanishing of the right hand side of (ITC)) for n < dimg. □ 
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Proof, of Proposition l36l Lemma l39l implies that for large A the object J 7 * J-a lies 
in D^ dims >(V). We have 

T = (F* J\) * J-a- 

The functor of convolution with J\ is right exact, since it can be rewritten as 
a * direct image under an afhne map which is right exact [4]. This shows that 
T 6 D^ m *(V) as well. □ 

8.2. The functor from constructible to coherent category. Recall the func- 
tor ^ from D to modules over the homogeneous coordinate ring. 

Proposition 40. For T G PervN{G/B) cV we have ^(J 7 * J p [n)) = for n ^ 0. 

Proof. It suffices to check that for T = j w \, j w *, w S Wf we have <J/(.F * ■Jp)[n] = 
for n ^= 0. This reduces to showing that for dominant X,fi,v with fi strictly 
dominant we have Ext l (J^\ * 3 * Z v * J-u,~F) = for i ^ 0. We have £(wfi) = 
£(fi) - £(w), l(\w) = £(\) + £(w) for w G Wf. Thus for such w we have 

Exf (J_A*3*Z y *Jl M , = Ext\3- X *E*Z v ,j w \j^) = Ext i {J^x*'^*Z v ,j w ^), 

Ext\J-\*E*Z v * J-^jw*) = Exf(E*Z 1/ *J- IJ ,,jx*jw*) = Extf(E*Z v *J-,j,,jxw*)- 

Since 3 * Z v is titling, J-\ * 3 * Z v admits a standard filtration, which shows that 
the first Ext group vanishes for i =/= 0. Likewise, 3 * Z v * J-^ admits a standard 
filtration which shows vanishing of the second Ext group for % ^ 0. □ 

Proposition 41. The module *&{J~) is finitely generated for any T G D. 

Proof. For T in the image of $ per / this is clear from the fact that & pe rf is a full 
embedding. Every irreducible object in Perv(G / B) is a sub-quotient of 3. Then 
it follows from the previous Proposition that if C is such an irreducible object, 
^(£*J P ) is a subquotient of ^(S* J p ), hence it is finitely generated (since the homo- 
geneous coordinate ring of Steinberg variety is Noetherian), while ty(£ * J p [n]) = 
for n^0. It follows that the same is true for any C G Perv{G / B). Now it follows 
from Proposition[33]that ^>(J\ * J- * J^[n\) is finitely generated for T G Perv(G / B) 
and any A, [i G A, n G Z; also, for a fixed J- it vanishes for n ^> for all A, fi. 

Such objects generated D, so the claim follows. □ 

Now *:£)—>• D b {Coh G '(St')) is defined. 

Corollary 42. a) For T G Perv N (G/B) cV we have ^(J 7 ) G Coh G '(St'). 

b) f^'u;*) e Coh G ~(St') for w £W f and #(j w {) G Coh G ~ {St') when w G 
1/ G -A+. 

Proof, a) follows from the Proposition. 

b) follows from a) since w G W f can be written as w = w'X, A G A + , w' G W/, so 
that £{w) = £(u/)+^(A). Then we get = = ^Uw*) ® O(0, A). 

Similarly, if w = wV, ^ G —A, then £(w) = + £(f ). □ 

Proposition 43. There exists 5, such that for J- G V we have 

Hom G ee f 2 (% erf (E),T[ l })=0 

for i [-6, 6} . 
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Proof. We need to check that for some S G Z we have 

Ext\j- X * Z v * 3 * J-„,F) = 0, 

for i g [—6, S], T G V . It suffices to consider T — j w * or j w \, w GW. Consider first 
J~ = jw*- We can write w = w-'Wf where Wf G Wf, w* G W* . The -Ea;i space in 
question is then isomorphic to 

Ext\J_ x *Z„*Z* * 3 w -^3 wi ) = 0. 

We already know that $ is a full embedding taking left convolution with 3 to 
P*Spr iPSpr.i*- Thus the latter space is isomorphic to 

Extl D»(Coha- ( st)) (0{-\Q)®V v ®p* Spr ^p Spr ,u (o(-n,0)Hf(j m jnj) =0. 

The functor pspr.i* has homological dimension d — dim(G/B). The map Spr has 
finite Tor dimension equal to d, so p*g pr iPSpr,i* * 0(—fx, 0)^(^-1,) is concentrated 
in homological degrees between — d and d. Moreover, the image of Ps pr ,i is con- 
tained in D per f(Coh), since §" is smooth. Using (the easy particular case of a 
Gorenstein variety in) " finiteness of finitistic dimension Theorem" [25] we get that 

P*Spr.iPs P rM (©(-//, O)*^-!,)) G D>~f . The claim follows. 

Set now T = j w \. We can write w = W\Wf where W\ G Wf(— A + ) and Wf G Wf 
and £(w) = £(it?i) — £{wf). Thus j^i = j Wl \ * j Wf *. The argument now proceeds as 
in the previous case. □ 

9. The equivalences 

9.1. Equivalence ([3]). We use the criterion of Propostion 132T b) to show that the 
functor T v-* Hom^perfiF), M) is represented by an object of D b (Coh° (St')); 
this object is then defined uniquely up to a unique isomorphism in view of Proposi- 
tionElJa) and we obtain a functor : Dj 0l ->• D b (Coh G ~ (St')) sending M G Djoj 
to the corresponding representing object. 

We need to check that conditions of Proposition l3"27b) are satisfied. Condition 
[32T b') (i) (representability of the restriction to -D^,™* for all n) follows from Propo- 
sitions [4jJ and [43] (finite generation and bounded amplitude) in view of Proposition 
l33l Condition [32T b) (ii) (vanishing on for m < 0) follows from Proposition 

S3 

Now the functor \f' is defined. Proposition 135( b) shows it is an equivalence in 
view of Propositions [36] and [43] 

9.2. Equivalence ©. We again use the criterion of Propostionl3"2Tb) to show that 
the functor T n- H om($ per / (T) , M) is represented by an object of D b (Coh ( ^ (St)); 
this object is then defined uniquely up to a unique isomorphism in view of Proposi- 
tion[32Ta) and we obtain a functor ^ : Djojo — > D b (Cohj^ (St)) sending M G Djojo 
to the corresponding representing object. 

We need to check that conditions of Proposition [32T b) are satisfied. Condition 
EHb)(i) (representability of the restriction to D-^j for all n) follows from Propo- 
sitions [4JJ and [43] (finite generation and bounded amplitude) in view of Proposition 
1531 Condition l3"2Tb) (ii) (vanishing on D^™j for in < 0) follows from Proposition 
l43l Since the torus log monodromy action on Djo jo is unipotent, this object is 
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set theoretically supported on the preimage of M in St. Thus we get the functor 
* : Djo/o -> D b (Coh G }(St)). 

Lemma 44. The following diagrams commute: 

D — D b (Coh G '(Si)) 



D I0I D b (Coh G '(St')) 
D m D h {Coh G ~{St')) 



ISt, 

D — D b (Coh G ~(Si)) 
where ist stands for the embedding St' — > St 

Proof. Lemma [22] implies that both compositions in the first diagram are compat- 
ible with the action of D G er f(St), i.e. if F\ is the first composition and F2 is the 

second one then Fi(J"(X)) i* (J 7 ) ® Fj (X) canonically for J" 6 D G ' erf (§i), left 
In view of Proposition [36] it follows that the same isomorphism holds for J- 6 
D b (Coh G (St)), thus commutativity of the first diagram follows from = = 

F 2 (S). 

The proof for the second diagram is similar. □ 

We are now ready to prove that ^ is an equivalence. Since we know that \& is 
an equivalence and the essential image of i* : D b (Coh G {St')) — > D b (Coh^f (St)) 
generates the target category, Lemma [44] shows that the essential image of $ gen- 
erates the target category. Thus it suffices to check that * is fully faithful. It is 
enough to see that 

Hom(A, B) — — > Ham(V{A),V(B)) 

is an isomorphism when B is obtained from an object B' G Djoj by forgetting the 
equivariance. This follows from the corresponding statement for 1 J f/ and Lemma |4"41 
□ 

9.3. Equivalence (gj). 

9.3.1. Passing from monodromic to equivariant category by killing monodromy. Let 
X be a scheme with an action of an algebraic torus A. Let V m on be the category 
of unipotcntly monodromic perverse sheaves on X. 

We have an action of a = Lie(A) on V mon by log monodromy. Let K a be 
the Koszul complex of the vector space a; in other words, K a is the standard 
complex for homology of the abelian algebra o with coefficients in the free module 
Ua = Sym(a). Thus K a is a graded commutative DG-algebra with a © a[l] as the 
space of generators and differential sending o[l] to o by the identity map. It is 
clear that K a is quasi-isomorphic to the base field k and its degree zero part is the 
enveloping algebra U a. 

We define a DG-category V eq as the category of complexes of objects in Vmon 
equipped with an action of K a , such that the action of a C K° coincides with the 
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log monodromy action. Let D(P eq ) — Ho(P eq ) / Ho aC yci(Pe q ) be the quotient of the 
homotopy category by the subcategory of acyclic complexes. 

Lemma 45. a) We have a natural equivalence D(V eq ) — D cons (X/A). 

b) Consider the functors For g : P eq — > Com(P rnon ) and Jndy/ % : Com(P mon ) —± 
Veq, where the first one is the functor of forgetting the K a action and the second 
one is the functor of induction from U(a) which acts by log monodromy to K . 

The induced functors on the derived categories fit into the following diagrams 
which commute up to a natural isomorphism: 

D(V eq ) D b {Vmon) 



real e 



real 



D(X/A) D(X) 

Ind!f T a , , [— d] 

D(V eq ) < ^ D b {V mon ) 



real 



D{X/A) D(X) 

where pr denotes the projection X X/ A, real denotes Beilinson's realization 
functor [5] and d = dim(a). 

c) Suppose that J 7 , Q 6 V eq are such that Ext^ x ^(J- 1 , CP) = for all i,j. Then 

Hom Ho{v<iq )(J r , Q) ^Homo^x/A) (real eq (J 7 ) ,real eq (G))- 

Proof, a) Assume first that the action of A on X is free and the quotient Y = X/A 
is represented by a scheme. The abelian category Perv(Y) of perverse sheaves 
on Y admits a full embedding into the category Perv mon (X) of unipotently mon- 
odromic perverse sheaves on X, and the essential image of the embedding consists 
of sheaves with zero action of log monodromy. Thus we have a natural embedding 
Com(Perv(Y)) — > P eq sending a complex of equivariant sheaves to the same com- 
plex equipped with zero action of a and a[l]. We claim that the induced functor 
D b (Perv(Y)) — > D{P eq ) is an equivalence. 

This claim is readily seen to be local on Y, i.e. it suffices to check it assuming 
that X = A x Y where A acts on the first factor by translations. In the latter 
case the category Perv mon {X) is readily identified with the tensor product of the 
abelian category Perv(Y) and the abelian category of unipotently monodromic 
local systems of A, the latter is equivalent to the category of modules over the 
symmetric algebra U(a) = Sym{a) set-theoretically supported at zero. Thus the 
claim is clear in this case. 

Let now X be general. Then an object of Da(X) is by definitiion (see [7]) a 
collection of objects in D(Y) given for every A equivariant smooth map X — >• X 
where the action of A on X is free and Y = X/A, subject to certain compatibil- 
ities. We have the pull back functor P eq {X) — > P eq (X), composing it with the 
functor P eq (X) — ► D b (Perv(Y)) = D(Y) we get the desired system of objects, the 
compatibilities are easy to see. 

b) Commutativity of the first diagram is clear from the proof of (a) and com- 
mutativity of the second one follows by passing to adjoint functors (notice that in 
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view of self-duality of Koszul complex the functor Ind^,^ [— d] is right adjoint to 
the forgetful functor Forg). 

c) By a standard argument the condition in (c) implies that 

HorriHo^-p^iJ \g) = Hom(Forg(J : ),Forg(g)). 

We have adjoint pairs of functors compatible with the natural functor from the 
homotopy category to the derived category: 

Ho{V eq ) ^ Ho{V mon ) Ho(P eq ), 

D(P eq ) ^ D b (P rnon ) D(P eq ). 

The composition in each case admits a filtration with associated graded Id® A(a[l]), 
i.e. for T 6 Ho(V eq ) or T G D(P eq ) we have 

Ind o Forg(F) e [A d (a) <g> T{d\] * [A d_1 (a) ® T[d - 1]] * • • • * [a ® * [T], 

where we used the notation of [4]: X*Y is the set of objects Z such that there exists 

a distinguished triangle X — > Z — > Y. Since Horri[jo(,v c )(IndoForg(J r ),G)^ :::: *Homrj(x)(I n d° 

Forg(F) : Q), it follows by induction in n that Hom 1 ^^ ^(J 7 , Q)^ = ^Hom r j :i ^ x ^ (J-, 5). 

□ 

Corollary 46. LetTjj denote the DG category whose objects are finite complexes of 
objects in 7~ equipped with an action o/K t -2 such that the action o/K°_ 2 = U(t' 2 ) 
coincides with the action induced by the torus monodromy. Then the homotopy 
category Ho(Tn) is naturally equivalent to Dij. 

Proof. Lemma l45lc) yields a fully faithful functor Ho(l~n) — > Djj. To see that 
this functor is essentially surjective, notice that by Lemma l45f b) implies that the 
composition of the natural functors Ho(Tn) — > Ho(T) — > Ho(Tn) contains identity 
functor as a direct summand (more precisely, this composition is isomorphic to 
tensoring with J7*(T" 2 ) e D b (Vect)). Thus every object oiDu is a direct summand 
in an object which belongs to the essential image of the full embedding Ho(Tn). 
Thus we will be done if we check that Ho(Tn)) is Karoubian (idempotent complete). 

Since a direct summand of a free-monodromic tilting object is again free-monodromic 
tilting, the category Tn is idempotent complete. For T* S Tii the space of closed 
endomorphisms of the complex commuting with the K(t" 2 ) action is a pro-finite 
dimensional ring whose quotient by its pro-nilpotent radical is fintie dimensional. 
The subspace of endomorphisms homotopic to zero is a two-sided ideal in this ring. 
Now elementary algebra implies that every idempotent endomorphism of an object 
in Ho{l~n) lifts to an idempotent in the ring of endomorphisms of the corresponding 
object in 7}/, this shows that Ho(Tn) is idempotent complete. □ 

We are now ready to establish (|4|. 

Consider the category of finite complexes of objects in CohP (St) equipped with 
an action of IK t 2 extending the action of t 2 = (i~*) 2 coming from the action of 
linear functions on t" 2 pull-backed under the natural map St — > t' 2 . Let Coh*£ 2 (St) 
denote this category and Ho(Coh^ (St)) be the corresponding homotopy category. 

It follows from the definition of the derived coherent category of a DG-scheme 
(see e.g. [?]) that there exists a natural functor 

p : Ho(Cohi' t2 (St)) -> DGCoh G '(St x t - 2 {0}) = DGCoh G (N x B - Af). 
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Moreover, given two complexes F* , Q* G Coh G ^ (St) such that Ext^^.^ (F l , Q J ) 
we have 

Hor n Ho(C oh^ (st))i^\Q')' == ^Hom(p(F*) 1 p{S*))- 
Thus equivalence <£>/o/o and Corollary 051 yield a fully faithful functor : 

Du — > DGCohF (Af x g - Af). Lemma l45Tb) implies that the following diagram 
commutes (up to a natural isomorphism). The essential image of $// contains the 
essential image of the functor Jn<0 2 t - 2 ) : D b (Coh G ~ (St)) -> DGCohP" ' (Af x B ~ Af), 
since the diagram 



D D b (Coh G '(St)) 



- L 



Dj/ — DGCoh G '(Af x B - Af) 



- L 



is commutative by Lemma l45f b) . Since every object of DGCoh (Af x g - Af) is a 
direct summand in an object which lies in the image of Ind V ^ t - 2 ^ and Du has been 
shown to be idempotent complete, the functor VP// is an equivalence. □ 

10. MONOIDAL STRUCTURE 

10.1. A DG-model for convolution of coherent sheaves. 

Lemma 47. Let X, Y be two algebraic stacks and F — Fjc : D b (Cohx) — > 
D b (Coh(Y)) be a functor coming from an object in K € D b (Cohxxy), F : 

L 

T >-> pr2*(fC ®pr\(F)). Let M G D (Coh(X)) be represented by a complex of 
sheaves M m such that F(M l ) G Coh(Y). Then F(M) is canonically isomorphic to 
the object represented by F(M'). 

Proof. A functor of the form described in the proposition lifts to a functor between 
filtered derived categories F? il : DF(Coh(X)) DF(Coh(Y)). Recall that DF 
contains the homotopy category of complexes of objects in Coh(X) as a full sub- 
category, the canonical functor from the filtered derived category to the derived 
category restricted to this subcategory coincides with the canonical functor from 
the category of complexes to the derived category. The conditions of the Lemma 
show that F^ zl sends the object corresponding to the complex M* to the object 
corresponding to F(M'), which yields the desired statement. □ 

Corollary 48. Let X —> Y be a semi-small morphism of smooth varieties equipped 
with an action of a reductive algebraic group H . 

a) Let F*,Q* be finite complexes of H equivariant coherent sheaves on X Xyl 
such that the convolution F l * Q 3 lies in Coh(X Xy X) for all i,j. Let T , Q be the 
corresponding objects in the derived category. Then J- *Q is canonically isomorphic 
to the object represented by the bicomplex F l * Q 3 . 

b) Assume that three complexes F* , Q' , K.* of H equivariant coherent sheaves 
onXx Y X are such that F * Q 3 , Q 3 * K l and P * Q 3 * K l lie in Coh H (X x Y X) for 
all i,j,l. Then the two isomorphisms between F' * Q* * K.* G D b (Coh H (X Xy X) 
and the complex represented by F l * Q 3 * K. 1 provided by part (a) coincide. 
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Proof. The convolution product comes from a functor 

F : D b {Coh H ((X x y X) 2 ) -> D b {Coh H {X x Y X)) 

of the type considered in Lemma|47l namely we have F = F/c , where JC G D b (Coh H (Xxy 
X) 3 ) is given by /C = v*8 Sf (Ox^)', here v stands for the embedding (X Xy X) 3 — > 
(X x X) 3 = X 6 and S : X 3 — > X e is given by (xi,x%, x$) t-> (x 3 , x\, x\, X2, X2, x$). 
Thus statement (a) follows from Lemma l47l 

b) follows by considering the functor between filtered derived categories DF(Coh H (Xxy 
X) 3 ) — > DF(Coh H (X xy X)) corresponding to the triple convolution. □ 

Lemma 49. Let X — > Y be a semi-small morphism of smooth quasi- projective 
varieties equipped with an action of a reductive algebraic group H. For F G 
D b (Coh H (X x Y X)) let a(F) denote the corresponding functor D b (Coh H (X)) -> 
D b (Coh H {X)). 

For J 7 G Coh H (X XyX), F' G D b (Coh H (XxyX)) any isomorphism of functors 
a (J 7 ) = a(F') comes from a unique isomorphism F = F' . 

Proof. An equivariant coherent sheaf F can be reconstructed from the correspond- 
ing module M(J-) over the homogeneous coordinate ring, 

M{F) = T(F ®pr\(L n ) (gtpr^-k 1 ™)), where L is an equivariant ample line 

n,m>0 

bundle on X . Thus Lemma follows from the following expression for M(F) in terms 
of the functor of convolution by F: M(F) = ® Homd eeq (L~ n ,F * L m ) □ 

m,n 

10.2. Monoidal structure on $7070. 

Lemma 50. The equivalence $7070 is compatible with the action on <&iw via the 
equivalence ^\ W7 i.e. we have a functorial isomorphism 

$>iw(F*g) ^ 87070(F) * $iw(G) 

where T G D b (Coh G ' (§i)), Q G D b (Coh G ' (§")). 

Proof. For F G D G ~ rf (St) this is Proposition [HI 

Let now F be general. For any sufficiently large N we can find F' G D G er j(St) 
such that F = t>_ n {F'). The functor D b [C oh G ' (§t)) -> D^Coh G ' '(f)), F i-> 
F * Q has bounded homological amplitude; the functor D — > Djw X \-t X * 
&iw(G) has bounded homological amplitude and by Proposition [36l the functor $ 
has homological amplitude bounded above, i.e. it sends D-°(Coh G (St))toD- n (P) 
for some n. It follows that for N ^> m 3> and F 1 as above we have 

$iw{f*g) = $>iw(T>- m (F'*gj) * r>_ m $7w(^'*a) = r>_ m (8(^)*$7w(^)) = 

which proves the Lemma. □ 

We are now ready to equip $7070 with a monoidal structure. We work with the 
inverse equivalence ^7070. We need to construct an isomorphism 

(17) $7070 (J 7 * Q) ^ $7070 (F) * *707o(£) 

compatible with the associativity isomorphism. 



40 



ROMAN BEZRUKAVNIKOV 



By Lemma l50l we have an isomorphism 

a^jo/of^* Q)) ^ a(*/o / o(J r ) * tyj OI o(g)) 

(notations of Lemma |49[) , which is compatible with the associativity isomorphim. 
Since ^joja : T — > Coh {St), Lemma I4U1 yields ([T7]) in the case when T, g G T, 
which is compatible with the associativity isomorphim for three objects in T ■ Now 
Corollary [48] yields (fTT)) in general and shows it is compatible with associativity. 

10.3. Monoidal structure on 

10.3.1. A monoidal structure on Ho{Tn). In order to equip $// with a monoidal 
structure we describe the monoidal structure on Du in terms of the DG-model Tu 
(see Corollary [46]) . 

Let Tjj denote the category of finite complexes of objects in T equipped with 
an action of K. t 2 ® A(t[l]), and 7jf be the category of finite complexes of objects in 
T equipped with an action of /C t 2 ® A(t 2 [l]). In both cases we require that t 2 C K,^ 
acts by logarithm of monodromy. 

* (2) 

We have a functor Tu x Tu — > 7}j sending {Ti,T%) to the convolution Ti * T2; 
the latter complex is equipped with two actions of ICi coming respectively from the 
left action on T\ and the right action on T2. To define the action of A(t[l]) observe 
that the right monodromy action on T\ and the left monodromy action on T2 induce 
the same action on T\ * T2 , the diagonal action of /Ct kills the augmentation ideal 
of /Cj = Sym{t), thus it factors through an action of A(t). 

Similarly, we have a functor Tu x Tu x Tu 7/j sending (Ti,T 2 ,T 3 ) to 
T\ * T2 * T3 where the two actions of /Ci come respectively from the left action on T± 
and the right action on T 3 , and the two actions of A(t[l]) come from the diagonal 
action of JC on the first and the second factor, and the diagonal action of /C on the 
second and the third factor respectively. We use the same notation *, *2 for the 
corresponding functors on the homotopy categories. 

Furthermore, we have functors fi : Ho{T H ) — > Ho{Tii), fx : M \-t M. <8>A(t[il) & 

and ^ : Hotff?) -> Ho{fn), M (2) : M H- M ® A (f»[i]) k - 

The following Proposition obviously yields a monoidal structure on the equiva- 
lence |gj). 

Proposition 51. a) TTie product {M\,M.2) h-> //(Mi *M2) makes Ho(Tii) into a 
monoidal category, where the associativity constraint comes from the natural iso- 
morphisms 

(18) (Mi <g> M 2 ) ® M 3 = /* (2) * 2 (Mi , M 2 , M 3 ) Mi <g> (M 2 <g> M 3 ). 

6J TTie equivalence real eq : Ho{Tu) — Du is naturally enhanced to a monoidal 
functor. 

c) The equivalence Ho{Tii) — DGCoh {M X s ~ Af) is naturally enhanced to a 
monoidal functor. 

Proof. To check (a) and (b) it suffices to provide a bi-functorial isomorphism 

real eq {Mi * M 2 ) = real eq {M 1 ) * real eq {M 2 ) 

sending the isomorphism (jT5J) to the associativity constraint in Dji. This follows 
from the next Lemma. 



TWO GEOMETRIC REALIZATIONS OF AFFINE HECKE ALGEBRA 



41 



c) follows from the definition of convolution in DGCoh G (Af x g - Af). □ 
To state the next Lemma, return to the setting of 19.3.11 Let X be an algebraic 
variety equipped with an action of an algebraic torus A and let / : X/A — » Y 
be a map where Y is an algebraic variety and X/A is the stack quotient. Let 
pr : X — > X/A be the projection and set / = / o pr : X — >• Y. 

Lemma 52. a) Let M* 6 V eq be a complex of monodromic perverse sheaves on 
X equipped with a IC a action and let M be the corresponding object in D cons (X/A) 
(see Lemma \45\ )- 

Assume that f*(M l ) is a perverse sheaf for all i. 

We then have a canonical isomorphism 

f*(M)^f*(M')® A(a) k. 

b) Assume that a torus A' acts on X, Y so that f is A' equivariant and the 
action on X commutes with A. 

Let M* G V e q be a complex of monodromic perverse sheaves on X equipped with 
a K-a®a' action and let M be the corresponding object in D cons (X/A). 

Assume that /*(M l ) is a perverse sheaf for all i. 

We then have a canonical isomorphism of objects in Ho( r P eq (Y)) = D A >(Y): 

/.(M)^/.(M')® A(tt)[1] k. 

Proof, a) is a particular case of b), while b) follows from the following two state- 
ments: 

1) The equivalence of Lemma l45T a) satisfies the following functoriality. Consider 
an A-equivariant map of schemes / : X — > Y and use Lemma ??(a) to identify 
D A (X) S D(V eq (X)), D A (Y) S D(V eq (Y)). Then for T* G P eq (X) S D A (X) 
such that ^(J 71 ) G Perv(Y) the object of V eq (Y) obtain from T* by term-wise 
application of /* corresponds to the object f*(J-) G D A (Y). 

An argument similar to the proof of Lemma I45f c) to the particular case when 
the group A is trivial. This case is treated in [3]. 

2) For a subtorus A 1 of A the functor Res^^ : Pf q (X) -)• V^iX) corresponds 
under the equivalence of Lemma ??(a) to the restriction of equivariance functor 
Res% :D A {X)^D A ,{X). 

This is a straightforward generalization of Lemma I45t b) . 

Now (1) applied to the torus Ax A' acting compatibly on X, Y followed by (2) 
applied to the subtorus A' in A x A' which acts on Y yields the Lemma. □ 

10.4. Compatibility of © with the action of categories from ©, (IH). To 

finish the proof of Theorem Q] it remains to establish compatibility of equivalence 
([2]) with the structure of a module category over the monoidal categories appearing 
in © and (gj. 

To check compatibility with the action of Djaja = D h (Cohfj (St)) we pass 
to the pro-completions and check compatibility of ([3]) with the action of D = 
D b (Coh G (St)). We have an action of the monoidal category of free monodromic 
tilting complexes T on the category of tilting objects T G V . which induces a 
structure of a module category for Ho(T) on Ho(T) . An argument parallel to that 
of section ["l0.2l shows that this module structure is compatible with one arising from 
the equivalences Ho(T) = D, Ho(T) = D, as well as with the one arising from 
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the equivalences Ho{T) = D b {Coh G ~ {St')), Ho{f) = D b (Coh G ' (St)), which gives 
compatibility with the action of categories in ([2]). 

_ L 

To check compatibility with the action of Djj = DGCohr (M x yv A/") we use 
Lemma[45]to identify Djoj with the homotopy category of complexes in T equipped 
with an action of K t compatible with the right log monodromy action. This category 
of complexes carries a natural action of the monoidal DG-category of complexes in 
7 with a compatible action of K t 2 . The resulting triangulated module category is 
module equivalent to both D b (Coh G (St')) and Djoj by an argument parallel to 
that of section [10.31 

This establishes the compatibilities thereby completing the proof of Theorem [1] 

11. Further properties 

In this section we mention further properties and generalizations of the con- 
structed equivalences. 

11.1. Exactness and Hodge D-modules. Recall that in view of Corollary l4"2T a). 
the restriction of the functors ^ioj, ^jojo to the subcategory of sheaves supported 
on the finite dimensional flag variety G/B C T£ is i-exact, i.e. it sends a perverse 
sheaf to a coherent sheaf. 

On the other hand, a well known result in representation theory asserts that 
the category O for Langlands dual Lie algebras are equivalent, i.e. we have an 
equivalence of abelian categories 

T : Pervu-(G~/B~)^=+Pervu(G/B) = Perv l0 (G/B). 

This allows to state a relation between the restriction of our equivalence $/oj to 
Pervja(G/ B) C Piaj and Hodge D-module theory. 

Notice that the stack St'/G' can be interpreted as the cotangent to the stack 
U~\G~ I B~ . Thus for a U~ equivariant D-module M on G'/B' equipped with a U~ 
equivariant good filtration we get gr(M) £ Coh L G(St'). 

Let MHu-(G~/B~) be the category of mixed Hodge modules on G'/B' equi- 
variant with respect to U~. We have forgetful functor Forg : A4Hu-{G~ / B~) — > 
D—modu~{G~ / B~) = Pervu~(G~ / B~) where the second equivalence is the Riemann- 
Hilbert functor. Recall that a part of the data of a mixed Hodge structure on 
a I?- module is a good filtration, i.e. for M 6 A4Hu- (G~ / B") the D-module 
M = Forg(M) is equipped with a canonical good filtration. Thus we get a functor 
gr : MHu~(G'/B~) -> Coh G '(St'). 

Conjecture 53. For M G M.'Hxj'iG" / B~) we have a canonical isomorphism 

gr{M) ® 0{-p) £ «>j(T(M)). 
This Conjecture should be compared to the results of Ben-Zvi and Nadler [6]. 
Example 54. Recall that the finite Weyl group Wf acts on the open subvariety 

o'"' c Q. 

For w e Wf let T w c St be the closure of the graph of w. Let T' w be the scheme 
theoretic intersection T w n St'. Once can show that: 

* /0/ : S 1-4 O sv , 

: jw* i-4 Cr^, 
*/o/ : jw\ !-4 ^r;„, 
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where £lr> m is the dualizing sheaf for the Cohen-Macaulay variety T' w (the Cohen- 
Macaulay property is proven in [II]). Parallel results for assocaited graded of Hodge 
D-modules will be shown in [12] . 

11.2. Lusztig's cells. In order to simplify the statement this subsection we assume 
that G is simply-connected, thus W a ff is a Coxeter group. Recall the notion of 
a two sided cell in W a ff. These are certain subsets in W a ff- In [22] Lusztig has 
established a bijection between 2-sided cells in W a ff and the set J\f/G~ of nilpotent 
conjugacy classes in q~. The set of two sided cells is equipped with a partial order. 
It has been conjectured by Lusztig and proved in j8] that this order matches the 
adjacency order on the set of nilpotent orbits under the bijection between two-sided 
cells and Af/G". 

The following result can be shown by an argument similar to that of [5]. 

Theorem 55. Let c be a two sided cell in W a ff and O c C TV be the corresponding 
nilpotent orbit. 

Let Djf-j C Djaj be the thick subcategory generated by irreducible objects IC W G 

V, w e d < c. 

Let D h (CohQ c (St')) be the full subcategory in D b (Coh G (St 1 )) consisting of com- 
plexes whose cohomology is set-theoretically supported on the preimage of the closure 
ofd. 

Then D h {Coh G ) (St 1 )) the image of Dfoj under the eguivalence \&/oj. 

We finish by sketching some generalizations of the equivalences described in the 
paper. We expect they can obtained by similar methods. 

11.3. Nonunipotent monodromy. Consider the category of I 2 monodromic sheaves 
on Tt with a fixed eigenvalue of monodromy. The latter corresponds to a tame rang 
one local system on T' 2 , such local systems are in bijection with elements of T' 2 (a 
subset of that in the Z-adic setting in the /-adic setting). For 8\, 62 £ T~ let De lt e 2 
be the category of monodromic sheaves on Tl with corresponding eigenvalues of 
monodromy. 

Let G~ C G~ x G'/B' be the closed subvariety given by G~ = {(g, x) | g(x) — x}. 
We have a projection G~ — > T~. Set St grp — G" xq- G", and for ti, ta G T~ let 
S't^'p 2 be the preimage of {f,\,t%) under the projection St grp — > T" x T~. 

Conjecture 56. We have a canonical eguivalence of triangulated categories: 

De u e 2 = D b (Cohg tgrpei e2 (St grp )j . 

This Conjecture presents a generalization of ©, one can also state similar gen- 
eralizations of ([3]), (H]). 

11.4. Parabolic- Whittaker categories. Let P be a parabolic subsgroup in G, 
and let Ip C Go be the parahoric subgroup which is the preimage of P under the 
projection Go — > G. Let Tip = Gp/Ip be the corresponding partial affine flag 
variety. 

Let Q be another parabolic subgroup and let ipQ be an additive character of 1° 
vanishing on the finite simple roots which are not in the Levi subgroup of Q as well 
as on the affine root and not vanishing on the simple roots in the Levi of Q. Let 
Diw Q {Tip) be the corresponding category of partial Whittaker sheaves. 
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Let Q~, P~ be the corresponding parabolic subgroups in G~. Define q'q- C 
G'/Q' x g-, M P - c G'/P' x g- by: g~ Q - = {(q,x) x S q}, Sf P - = {(p, ac) | x G 
ra<i(p)}, where we used the identification between G~/Q~, respectively G~/P~ and 
the corresponding conjugacy class of parabolic subalgebras, and rad denotes nilpo- 
tent radical. 

Conjecture 57. We have a canonical equivalence 

D IWtQ {Fl P ) = D b (Coh G '(Q' Q - x„-tfp-)). 

There are natural pull-back, push-forward and Iwahori-Whittaker averaging be- 
tween the categories of constructible sheaves which should correspond to the func- 
tors between the derived categories of coherent sheaves given by the natural corre- 
spondences. 

Finally, let us mention the Koszul duality functors which give equivalences be- 
tween the graded version of Diw,q(F£p) and Diw,p{F£q), see [13]. Under the 
equivalence of Conjecture [57] these should correspond to linear Koszul duality [23], 
this would provide a categorification of the main result of [2~I] . 
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